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1 Quadratic Equations & Inequalities

1.1 Full Solutions

1. (a) Since the expression is never negative, b> — 4ac < 0
2 2 1
(-2 - 4) (22— { Gp+6)) <0
) 6

4p* —4(2p*-"p—-) <0

P < P 4p 4>
4p* —8p* +5p+6 <0
4p?> —5p—6>0
(Ap+3)(p—2) >0

3
.‘.p<—1 or p>2

(b) (i) By completing the square,

—2® + 122 — 37 = — (2 — 122 + 37)
= —[(z — 6)* — 36 + 37]
= —(x—6)2—-1

(ii) Curve of y = —2* 4 122 — 37

YA

(iii) Range of y:
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(x—a)(b—x)=m
xb—2? —ab+axr —m =0
—2’ 4+ (a+ bz —ab—m=0
2?2 —(a+b)x+ (ab+m) =0
Since the roots are equal, b* — 4ac = 0
(a+b)? —4(1)(ab+m) =0
a® 4 2ab + b — 4ab — 4m = 0
a? —2ab+b* —4m =0
(a—0)>—4m =0

m = <a - b>2 (shown)

pr? 4+ 4z +p >3
pr* +4x+ (p—3) >0
Since the quadratic equation is strictly positive, b> — 4ac < 0
(4)* — 4(p)(p—3) <0
16 — 4p* +12p < 0
4p> —12p— 16 > 0
p*—3p—4>0
(p—4)(p+1)>0
sp>4 or p<-—1

Note that a condition for the expression to always be positive is that the coefficient of 22

must always be positive
S.p>4

(b)
Equation 1: x =k — 5y
Equation 2: 522 + 5zy 4+ 4 =0
Substitute Equation (1) into Equation (2),
5k —5y)2 +5(k—5y)y+4=0
5k? — 50ky + 125y + 5ky — 25y> +4 =0
100y — 45ky + (5k* +4) =0
Since the line does not intersect the curve, b* — 4ac < 0
(45k)? — 4(100) (5k% +4) < 0
2025k — 2000k — 1600 < 0
k* —64<0
L8 < k<S8
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Let Equation (1) = Equation (2),
2? = pr — ¢*
2 —pr+¢* =0

Since the curve lies above the line, there is no intersection, b*> — 4ac < 0

(—p)® —4(1) (¢°) <0
p2 — 4q2 <0

From the given range,
—2<p<2

(P—2)(p+2)<0
p?—4<0
By comparison,

49> =4
g==+1
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2 Surds

2.1 Full Solutions
1. (a) We first solve for (1 — \/5)5,

(1-va)Y’=1-2Va+a
(1-va)'=(1-2va+a)’
=1-2Va+a—2vVa+4a — 2av/a + a — 2av/a + a*
=1—4vy/a — 4av/a + 6a + a®
. (1-+a)’ = (1 - 4v/a — 4av/a + 6a + a?) (1 - Va)
=1—a—4Va+ 4a — 4av/a + 4a* + 6a — 6av/a + a® — a*Va
=1-5va—10ava — a*v/a + 10a + 5a*

Next, for (1 + \/ﬁ)B, by inspection,

(1++/a)° = 14 5v/a + 10ay/a + a®v/a + 10a + 5¢>

S (1=va)® - (1+a)®
= [1 - 5va —10av/a — a®va+ 10a + 5a°] — [1 + 5v/a + 10av/a + a*v/a + 10a + 5a°]
=1-5ya—10av/a — a®>va + 10a + 5a®> — 1 — 5/a — 10av/a — a*v/a — 10a — 54>
= —10v/a — 20a+v/a — 2a*v/a (shown)

(b) By comparing part (a) and (b),
a=3

(1= \/5)5 - (1+ \/§>5 = —10v/3 - 20(3)V/3 — 2(3)2V/3
= —88v/3

Alternative method for part (a)

The intial part of the question can also be solved using the Binomial Theorem
(1-va)®
5 ) 2 ) 3 5 4 5
=1+ 1 (_\/ZZ) + 2 (_\/a) + & (_\/&) + 4 (_\/a) + (—\/6)
=1-5va+10a — 10a'2 + 502 — a2
=1—5a— 10av/a — a®*\/a + 10a + 5a>

[l

The remaining part of the question is the same
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2. Using the volume formula for geometrically similar solids,

3
Vsmali o (lsmall>
Warge llarge
342v2 \ °

1| -2
2\6_ llarge

3
. (llarge)3 _ 2\/5 (W>

:2\[< 3+ 22 )3

1—2v2+2

3422
:2f<3 2f>

3 3+2v2 3+2v2)"
_2\[<3 V2 3+2\@>

22 (9+12\/§+8)3
— 22 (17 n 12f2>3
=3 (17 + 12\@)3

llarge = f/x/é (17+ 12\/5)3

=2 (17 + 12\@)
—17v2+ 24 cm
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3. (a)

< : —3—2f ‘/5—3—2\f2
2+5 2+f -5

8- 4\/5—3—2\f)2

1

(4\/5—8—3—2\/5)2
(2\/5—11>2
20
14

— 44V/5 + 121
1 — 445

ab—4b+a—-4=ab+a—4b—4
=a(b+1)—4(b+1)
=(a—4)(b+1)

Since 6 = 2% x 3%, let a = 2% and b= 3"

6° —4(3%)+2°—4=0
(27 —4)(3°+1) =0

2" =4 or 3* = —1 (rej)

Sor=2
4. Using the volume formula for a prism,

Volume of prism = (Base Area) (Height)
2
11+ 6V3 = (2 + \/5) (Height)
(11+6v/3)
(2+v3)"
_ 1146V3
4+4V3+3
11+6V3
7+ 43
LL+6v3 7-4V3
T+4V3  T—4V3
77— 443 + 423 —

1
=5-2V3

. Height — (5 _ 2\/5) m

Height =
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3 Polynomials

3.1 Full Solutions

1. (a) Since % + z — 2 is a factor,
2= (x+2)(z—1)

s (@) = (2 +2)(z - 1)Qu(x)

Let f(—=2)=0
3(—2)% + a(—2)> = b(—2) =10 =0
4a + 2b = 24
2a4b=17 .....(1)
Let f(1) =0

3(1)* +a(1)? = b(1) =10 =0

a—b=

Substitute Equation (2) into Equation (1),

2AT+b) +b=17

3b=3
b=1
Substitute b = 1 into Equation (2),
a=T7+1

a =
(b) By observation,

f(z) = 32> + 822 —z — 10
= (22 +2—-2)(3z+5)
=(x+2)(x—1)(3x+5)

1
Let o = -
et x X
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2. (a) (i) Since the coefficient of 2 is 2 and the roots of the equation f(z) = 0 are —1, 3 and k

fl@)=2(z+1)(x—3)(z—k)

Since f(x) has a remainder of 20 when divided by (z —4),
2@+ 1)(z—=3)(x—k)=(x —4)Q1(x) + 20

Let z =4,
2((4)+1)((4)—=3)((4) —k) =20
4—k=2
k =2 (shown)
(ii)
fl)=2(x+1)(z—-3)(x—2)

To find the remainder when divided by (2z — 1),
2+ 1)(z —3)(z —2) = (22 — 1)Q2(z) + R

1
Let o = -
et x 5

(b) Given that 1% — pa? + ¢ is divided by 2 — 1,
29— pad 4 ¢ = (:cz— 1) Qs + (4z + 3)
2 —pa® + g = (x - 1)(z +1)Qzz + (4 +3)

Let x =1,
Let x = —1,

Take Equation (2) - Equation (1),

2p = -8
p=—4
Substitute p = —4,
q—(—4)=6
q=2
Page 10 © Kaiwen
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3. (a) Since the function is divisible by (x — 2)
s f (@) = (2= 2)Q1 ()
Let £(2) =0

(23 +a(2?+b(2) +4=0
da +2b = —12

Since the function leaves a remainder of —3 when divided by (x + 1)
S f(@) = (@ +1)@a(2) =3
Let f(—1) = =3,

(-1 +a(-1)* +b(-1)+4=-3

Take Equation (1) + Equation (2),

Substitute a = —4 into Equation (2),

—4—b=—6
b=2

(b)
flx)=2% —42® + 22 + 4= (z — 2)(z* + pz — 2)
Comparing coefficients of x,

2=—2-2p
p=—2

S f@) = (z—2)(2? - 22— 2)
=(z—2)[(z —1)* - 3]
:(:B—Z)(w—1+\/§> (:v—l—\/g)
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4. (a)

Since the function is divisible by (z + 2)
s S (@) = (2 +2)Q1 ()
Let f(—=2)=0

2(—2)* +a(—=2)? +b(-2) +8 =0
4a—2b=28

Since the function leaves a remainder of 10 when divided by (2z — 1)

(@) = (22 — 1)Qa(x) + 10
Let f <;> =10

Substitute Equation (2) into Equation (1),

2(7—2b) —b=4
b=2

Substitute b = 2 into Equation (2),

a="1T-2(2)

a—=3

f(z) =223 +32% + 22 + 8 = (x + 2)(22% + cx + 4)

Comparing coefficients,

322 = cx? + 42?

For 222 — x + 4,

b2 — dac = (—1)% — 4(2)(4)
=-31<0

Since the discriminant value of 222 —  + 4 is less than 0, the equation has no real roots.

So P(x) = 0 has only one real root. £ = —2
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4 Partial Fractions

4.1 Full Solutions
1. (a)

Let x = -3,

3
t = =
Let x 1

/ 172 — 3 o
222+ 3z -9

13z—-6  13z-6
202 4+32z -9 (22 —3)(z +3)
A B
2% -3 743

13z — 6 = A(x + 3) + B(2z — 3)

13(=3) — 6 = B (2(—3) — 3)
B=5

_ Bz -6 3 n 5
"2224+3x—-9 2x—3 x+3

132z — 6 4z + 3
_/<2x2+3x— +2x2+3x—9> d
/ / dr + 3 da

202 4+ 3249

3
:51n|2m—3|+51n|m+3|+1n}2a;2+3a:—9\+c
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2. The following is an improper fraction

xzt — 5ad 4+ 622 — 18

x3 — 32
By Long Division,
T —2
- 31:2) x4 — 53 + 622 — 18
—(z* — 323)
—223 + 622 — 18
—(—22% 4 62?)
—18
a* — 523 + 622 — 18 ) 18
x3 — 32 =(z- )_93373932
18
ey — 2 _—
(z=2) z2(z — 3)
By partial fractions,
18 A B C
= — +

2(x—3) =z 22 -3
18 = Az(z — 3) + B(z — 3) + Ca?

Let x =0,
18 = B(0 —3)
=—6
Let x = 3,
18 = C(3)?
=2
Let x =1,

18 = A1)((1) - 3) — 6((1) - 3) + 2(1)?
A=-2

x x22 x-3

2+2+6 2
= — — —_—
r x2 x—3

ot — 528 4 627 — 18 2 6 2
' a3 — 322 ===
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3.
r—4 A . B C
2z -z +1)2 22-1 x+1 (x+1)2
r—4=Alx+1)?+B2z—-1)(z+1)+C(2z 1)
Let z = —1,
—1—-4=C(2(-1) 1)
C =
1
1L —_ =
et x 5’
1 1 2
S —4=A(Z+1
=2 ()
q-_1
9
Let x = 0,
14 )
0—-4= Y (04+1)*+ B(2(0) — 1)((0) + 1) + (2(0) — 1)
p="
9
x —4 14 31 C

T@2z-D(z+1)2 9(2z—1) + 9(x + 1) + (z + 1)2

Updated: February 22, 2022 Page 15

© Kaiwen



4049 Additional Mathematics February Practice Questions 2022

4. (a)
92° — 62 + 2 = 2 (92* — 62 + 1)
= z(3z — 1)?
(i34l A B O
x(B3r—-12  z  (z—-1) (z-—1)2
20% — 3¢+ 1= A(3z — 1)’ + Be(3z — 1) + C
Let z =0,
2(0)? — 3(0) + 1 = A(3(0) — 1)
A=1
Let z = -,
1\? 1 1
21 =) — - 1= -
(5) =2(5) 2= (3)
2
“=3
Let z =1,
2
2(1)” = 3(1) + 1= (3(1) = 1)’ + BO)B(1) = 1) + 5(1)
B=_1
3
22?2 —3z4+1 1 7 9

x(3z—1)2 =z 33z —1) + 3(3z — 1)

/ m w= [ <alc - 3(3::— 5+ 1>> &
~o (;ln(?):r— 1)) +3 <(3”;(__B_1) +o

7 2
—lnz— -InBz—-1)— —
ne— o n(3x ) 9(3:1;—1)+c
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5 Binomial Theorem

5.1 Full Solutions
1. (a)

(1+px)S=1+ <(13) pr + (g) (pr)? + ...
=1+ 6px + 15p21:2 + ...

(1+pz)5(1 + gz) = (1 + 6pz + 15p*2% + ...) (1 + qa)
=1+ (6p+ q)z + (6pg + 15p*) 2% + ...

. 7 . .
Since the first 2 non-zero terms are 1 and —ga:z, the coefficient of x is 0

6p+q=0

7
Coefficient of 22 is —3

Substitute Equation (1) into Equation (2),

7
6p (—6p) + 15p° = -3

1
Substitute p = :lzg into Equation (1),
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2. (a)

o (9) () (_ s >

o 3

For the z2 term

18—3r=3

T =

.. Coeficient p = <§) (—

3)°

= —30618

For the z° term

18 =3r==6

rT =

.. Coefficient ¢ = (Z) (—3)4

= 10206
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(b) ()

(r5) =7+ (1)@ (5)+ (3) e (3)

=32 + 40x + 2022 + ...

(1 — kz)? (2 + 3)5 = (1 —2kz + k*z®) (32 + 40z + 202° + ...)
= ...+ (1) (2027) + (—2kz) (40z) + (k*2?) (32) + ...
= ...+ (32k% — 80k +20) 2°

Since the coefficient is —12,
32k% — 80k + 20 = —12
2k* —5k+2=0
2k—1)(k—2)=0

k=— or k=2
2
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e ) O O (D

9
=1— —x+92%2 — — 23 —xt 4 ...
ik ;o gt

Il
+
S
—
©
8

[\
SN—
+
N
vo| 2

w
~~_
/?
SH N
~
+
—~
Hw‘@
~——
/N
o)
w| R
'
~_

Comparing coefficients,

54§ _ 372+ 63a
8 8
372 4 63a = 435
a=1

l—lav—x2 9— 1_x+2$2 i
2 N 2

Hence, comparing with part (a),

() = L) + 220y

1 9 9 s 21 3
<1—2:1:—x2> :1—5(30—1—2:62)—1—9(:13—}—23:2) —?(w+2x2) + ...
zl—g(:x+23:2)—|—9(:U2+4:U3+...)—%(wg—i—...)—l—...
:1f§x79x2+9x2+36x37%x?’Jr...
= 2:0 zm
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4. (a)
o2 () ar (2)' (2) s (2)
1", n(n—l)x2
18
(b)

(c) Given that

3 3 3
2n n(n—1) pn 5] , 31p 25 ,
2 - — _ 4 = =24 — —
—i—( 3>x+{ 9 3+2]:):+ +3w—|—3x—|—
Comparing coeflicients,
sl
3 3
28 o
3773
—28p = 2n
1
=——T"N ... 1
p= g (1)
nn—1) pn 5 25
9 3 2 3
n(n—l)_gﬁ_ﬁ_o
9 3 6

2n(n —1) — 6pn — 105 =0
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Substitute Equation (1) into Equation (2),

1
2n2—2n—6<—14n>n—105:0

17
n?—2n—105=0

17n% — 14n — 735 =0
(17n +105)(n —7) =0

n=-7- (rej) n="17
Substitute n = 7 into Equation (1),
1
=——(7
p=-7;0
1
P=73

(d) With the new values of n and p,
- 203
(b 3 (e (')
o2 (e o)
P) () () B3]
259

) ) 259
Hence, the coefficient is — 7

Note that for part (d), we only need to find the coefficients from z to 3 as these are the

|4
only terms that will be multiplied to (2 + px + ;J,Q> to get an z° term
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6 Exponential & Logarithms
6.1 Full Solutions
1. (a) Whent=0

V = 45000e %)
= $45000
(b) When ¢ = 11, V = $36300

36300 = 45000e <111
121
—11k __ 44
© T 150

k= (2
150
1. /121
S P (s
LT n<150>

-V = 45000e 1T n(355)¢
When t =9,

V = 4500011 "(155)()

= 37746.03446...
= $37700 (nearest $100)

2
(c) Since the apartment when it reached — of its original value

~ 21 (nearest month)

Updated: February 22, 2022
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. .v=]n(x+3)
In3
P X
1\

2. (a) Graph for part (a) & (b)

2

e s EE

exr = et 3% — 3¢

33— 43
5.3—=3z=In(x+3)

Sketch the graph of: y =3 — 3x
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3. (a)
5x+2 _ 251‘4—% —9 (5x+1)
(5%) (5%) — (%) (5) = 2(57) (5)
Let u = 5"
25u — 5u? = 10u
5u(3—u) =0
u=0 or u=3
5 =0 (rej) or 5"=3
For 5% = 3,
5% =3
lg 3
= —
lgh
= 0.682606...
= 0.68 (2.d.p.)
(b)
64" —8Y =32 ...... (1)
27 | — =9v3 ... 2
() =
From Equation (1),
26.% 23y _ 25
261—33/ 25
6r —3y =5 ... (3)

From Equation (2),

1 1

_ - 1) = 2=

6 2(y+ ) 5
y=12z -6 ...... (4)

Substitute Equation (4) into Equation (3),
6x —3(122 —6) =5

—30z = —13
13
rT=—
30

13
Substitute z = 30 into Equation (4),
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4. (a)

P
log, — — 3log, \/q =log, (p — q
NG V4 ( )

D 3
logmj_logqu :logm (p_Q)
q2
b
log, 71N 7 3N = log, (p — q)
(¢#) (a*)
p_
q2_p q
p=p¢ —¢°
p(*—1)=¢°
o T
o P

log, (%)

16
log, 21 + log, - = logy (3 X 7) + log, 4
2

1
= logy 3 +logy 7+ 5 [logy 16 — logy 7]
1
:10g23+10g26+2—§log27
1
:10g23+2+§10g27

= +2+1b
=a >

(Wz+1) (,x%—.ﬁUQ) (Va+1)(2?) (x%_l)

Jr—1 Jr—1
{( 10 :c)z—l} (x2)
= 7l
_ Wz -1 ()
Jr—1
:$2
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7 Trigonometry

7.1 Full Solutions
1. (a)

tan 6 — tan45°

1 + tan 6 tan 45°
tanf — 1

1+ tané

tan (0 — 45°) =

cot 15° = cot (60° — 45°)
B 1
~ tan (60° — 45°)
1 +tan60°
~ tan60° — 1

_(1+V3) (V31
C\VB-1) \VB+1
_4+2V3

2
-2+ V3
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2. (a) (i)

LHS = 1 +4sin’z
=1+2(1—cos2x)
=3 —2cos2x
= RHS (shown)

(i)
Amplitude = 2 Period = 7
(b) Graph for part (b) & (c)

Tr y=1+4sin’x

S —

SrEEE ri e mam -

ST T ——

2x
y=3-o
%
'l C5n "
(c)
Tcos2r = x
cos2x = z
T
2
2cos2x = il
T
2
3—2cos2x:3——x
T
2x

Sketch the line: y =3 — —
Ly

Number of solutions= 5
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3. (a) (i)

ABAC:QW—%T—<g—9)—%

=0+ g (shown)

sin(ﬁ—l—g) :BTC

BC = 2sin (9+g>

h=CD+ BC
. . T
= sinf + 2sin (0+§>

h =sin 0 + 2sin (H—I-g)

:sin0+2sin0cos%+2c039sing

= 2sin6 + v/3cosf (shown)

2
R= /224 (\/5)
=7
6 =tan ' <\/§>
2
= (0.713724...
= 0.714 (3.5.£)

. 2sin6 4+ V3cosf = VTsin (0 + 0.714)

Maximum value of h = V7
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(e) Given that h = 2.5,
2.5 = /Tsin (0 + 0.714)

sin (64 0.714) = ——_

27

o =sin~! (%) (Quadrant 1 & 2)

For Quadrant 1,

I ( 5 ) (V3
o = sin —— | — tan —_—
2/ 2
= 0.523598...
= 0.524 (3.s.f.)
For Quadrant 2,
a=m—sin! <5> —tan~! ﬁ
27 2
= 1.190545...
=1.19 (3.s.f.)
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4. (a)

RHS = sec? ztan? z — sec? z + 1
= (tan2 z + 1) (tam2 :c) — (sec2 T — 1)
=tan*z + tan® z — tan®x
= tan’
= RHS (shown)

cos’z + 3sinzcoszr+1=0
cos’z + 3sinzcosx +sin?z + cos’z =0
2cos?x + 3sinzcosz + sin’z =0

(2cosx +sinz) (cosz +sinz) =0

c.tanx = =2 tanx = —1

For tanx = —2,

o = tan"1(2) (Quadrant 2 & 4)
x = 180° — tan"1(2)

= 116.565051...

=116.6° (1.d.p.)

x = 360° — tan"'(2)
= 296.565051...
= 296.6° (1.d.p.)

For tanx = —1,

o =tan"!(1) (Quadrant 2 & 4)
x = 180° — tan"'(1)
=135°

x = 360° — tan"1(1)
= 315°
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(c) (i)

V(@v2) - (vB+1)°
2v/2
VB [3+1+2V3]
_ -
V8 —4-2V3

sinf =

Vi3

2

Vi 33

tanf = ———

V341
tan? 6 = ( 4—2\/§>2

&

V341
_4-2V3
4423
2-V3 _2-3
213 2.3

4443 +3
B
=7-4V3

s tanf = \/7 —4v3  (shown)
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8 Coordinate Geometry

8.1 Full Solutions
L (a) (1)

11
Gradient of BE = - 68
_3
2
. -1
Gradient of AC' = =
(2)
__2
3
2
y—8= 3 (z —6)
y=——x+ 12
(i)
A(0,12)
(iii) Let the coordinates of F' be F(h, k)
By similar triangles,
8—h 3
8—6 1
h=2
11-k 3
11-8 1
k pu—
F(2,2)

Length of AB = /82 + 12
= V65

Length of AP = /42 + 72
= V65

Since AB = AP, AABP is an isosceles triangle (shown)

Quadrilateral ABCP is a kite

Area of AABC 1

Area of trapezium ABCD "5
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2. (a) For coordinate R, by inspection,

.. R(8,2)

2—4
dient of PR = ——
Gradient of PR 2

__1

. -1
Gradient of M S = 1
(—3)

=3

At S,y =0,
0=3x—12
r=4
S(4,0)

Let Equation (1) = Equation (2),

3r—12=x+2
r=7

Substitute z = 7 into Equation (2),

y="7+2
=9

. Q(7,9)

4 2 7 8 4
Area of PQRS = ‘0 49 9 0‘

(48 — (108)|

N = N

= 2 ]-60
- =60

= 30 units?
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M= —5—1—3’64—10
2 2

= (~1,8)

Gradient of AB = M

-1
.. Gradient of perpendicular bisector M P = —

(2)

=2

For BP,

For M P,

At point P, let Equation (1) = Equation (2),

7+1 2x +6
——T+ - =2z
6 6

Substitute z = 7 into Equation (2),
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4. (a)

(b) At F, y=0

2= —4xr+1
1
— 2r+ -
Yy $+2
.. Gradient of BC' = —2
y—7=-2(x—-2)
BC:y=—2x+11

0=—-2x+11
1
— _5=
o 2

[
—
|
V]
~—

. E(0,4)

Gradient of EF = %
—55 =0

3
Product of gradients = 3 X —

12
=221
n7

. EF is not perpendicular to AB
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(c) Let the coordinates of C be (x,y)
BC:y=—-2z+11 ...(Q1)

Since AC = AFE,

V(4 =22+ (—2—y)2 = V(0 —2)> + (4 — y)?
16 + 8z + 22 + 4 + 4y + y° = 2% + 16 — 8y + y?
8r + 12y = —4

Substitute Equation (1) into Equation (2),

20 +3(—2zx+11) = -1
2 —6x+ 33 =—1
—4r = —-34

1

1
Substitute z = 85 into Equation (1),

1
Area of AAEC’Z1 -4 0 85 —4
212 4 -6 -2
1
= 5 1(-33) - (58)|
1
=~ |91
o1
1 ., 2
= 45— units
2
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9 Further Coordinate Geometry

9.1 Full Solutions
1. (a)
22 +y? — 14y =0

22 + % — 14y + 49 = 49

(2= 0+ (y—7)2 =72
.. Centre = A(0,7) Radius = 7 units

(b) Add the additional lines as shown below

ydn

O
[\ ]
f"?l |
n

By Pythagoras’ Theorem,

2

(7=1)?+ (2V35) = (7+7)?

49 — 147 + 7% + 140 = 49 + 14r + 7>
r=25

- B (2\/5 9)

(x—2\/£)2+(y—9)2 = 52

<m—2\/£)2+(y—9)2=25
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(c)
Midpoint of AB = (0 + 2\/%, Tt 9>
2 2
- <x/£ 8)
Gradient of AB = 9-T
2v/35 -0
1
V35
. . ) -1
Gradient of perpendicular bisector = ;
)
=—v35
y—8 = —V/35 <x — \/ﬁ)
Sy = —V35x + 43
2. (a)
Radius = 3 units
(z—2)2+(y+1)?2=3
w2—|—y2—4w—|—2y—4=0
(b)

1
Gradient of perpendicular bisector = —

Since the perpendicular bisector cuts the centre of the circle,

y=(-1) =3z ~2)
1 3
V=755
©
C(—8,—1)
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3. (a) Since AF : FB =1: 2, by proportion

(b)
1 1\\? 1 2
Radius of Cy = \/(—2 — <—12>> + (12 — 0>
1\2
= 1)2 1=
w2+ (13)
_ /B
Vo4
V13
= 5 units
1\ viz\’
Equation of Cj : <x — <—12)> + (y — 0)2 = ( 5 >
‘ < +11)2+ , 13
\FT VY=
(¢) A point that the perpendicular bisector will cut is the midpoint of PF
1 1
——4+0 1=+ (-1)
Midpoint of PF = 22 , 2 5

(1)

To find the gradient of the perpendicular bisector, we first need to find the gradient of PF

first.
1
~15 - (1)
Gradient of PF = 21
———0
2
=-5
.. Gradient of perpendicular bisector = —
1 1 1
E ion: y——=-|x—|—-
quation: y 175 [m ( 4”
1 n 3
= —x —
Y 5 10
Updated: February 22, 2022 Page 40 © Kaiwen



4049 Additional Mathematics February Practice Questions 2022

(d) The y-coordinate of the centre corresponds to the midpoint of P and @

2 -1
y — coordinate of C3 = 4—;)

1
The centre also lies on the perpendicular bisector of PF. Substitute y = 3 into the

equation of the perpendicular bisector of PF,

11,8
2 5710
r=1

2
1\2 1
Equation of C5 : (z — 1)2 + <y - > - (ﬁ>

-'-(w—1)2+(y—1>2=23
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4. (a)

Substitute Equation (1) into Equation (2),

4 (x+4)2+3z—(x+4)=0
2?42?48 +16+3z—x—4=0
207 4+ 10z + 12 =0
22+ 52 +6=0
(x+2)(x+3)=0

x=-2(N.A) xr=-3
Substitute z = —3 into Equation (1),

y=-3+4
=1
5.Q(=3,1)
(b)
—-2-3 2+1
Midpoint of PQ = 3, S
2 2
(b
2" 2
Gradient of perpendicular bisector = —1
1 1
y—lo—=—(ax—|—-2=
vty (23))
y=—x—1
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(c)
P2+ +32-y=0

3 1
2, .2 o L P
r*+y +2<2>x+2< 2>y 0

Substitute Equation (2) into Equation (1),

5
(0= +(y—(~a—1)7 =2
Since the circle passes through P(—2,2),

(-2—-a)*+ (3+a)* =

SR G

5
4+4a+a2+9+6a+a2—§:

1

242 +10a+105 =0
40> +20a+21=0
(2a+3)(2a+7)=0

1

a= 3 (N.A)) a=—3=
2
Substitute a = —= into Equation (2)

7
b=—|—2)—1
()
9=
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10 Linear Law

10.1 Full Solutions
1. (a)

y2 — e—aaz+4

2lny = —ax +4
Iny = —g(as) +2

2
Using (4, —4)
a
4=—2uy 4o
")+
a=3
At (2,b)
3
=——(2 2
b 2( )+
-1
a=3 b=-1
(b) When z = 2,
y? = 32+
y=+tVe 2 (rej -ve)
= 0.367879...
= 0.368 (3.5.f.)
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2. (a)
y = az’!
lgy =1g [ambﬂ}
lgy =lga+ gzt
lgy=(b+1)lgz+1ga
Y=mX+c

Plot a graph of lgy against lgx with (b+ 1) as the gradient and lga as the Y-intercept

lgx 0.30 0.48 0.60 0.70 0.78 0.88
lgy 0.75 1.02 1.20 1.35 1.47 1.61

Graph is drawn on the next page

1.5—0.9

0.8—0.4

(b+1)=15
.b=0.5

Gradient =

Y-intercept = 0.3

= 1.995262...
= 2.00 (3.s.f.)

y=a’

lgy =2lgx
Y=mX+c
Plot the line of Igy = 21gx

‘,L_lfb —a

lgz' ™ =1ga

(1-b)lgx=1ga

lgx —blgx =lga
lgx+lgx =I1ga+blgax +1gx
2lgz =(b+1)1gx +1ga

Hence, we are looking for the points of intersection of the 2 lines

s g =06
z =100
= 3.981071...
— 3.98 (3.s.f.)
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(0.6,]1.2)

0:9 (O 45:0:9

o
o

0:6

(0,0.3)

7
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3. (a)

Y
T+
Y

p(z+5) —q

ot

=pz + (5p — q)

8
+
o)

Y=mX+c

Y
Ve +5

o5 | 1 | 15 | 2 | 25
10.49 11.51 12.51 13.49 14.50

Plot a graph of

against = with p as the gradient and (5p — ¢) as the Y-intercept

T
Y

vVr+5

Graph is drawn on the next page

14 —13
2.26 —1.75
c.p=1.96

Gradient =

Y-intercept = 9.57

op —q = 9.57
o.q=5(1.96) — 9.57

=0.23

p(ac+5)% =+Vvz+5(z+10+q)
plz+5)=x+10+¢
plr+5)—g=x+10

Y

Plot the line of
vV +5

the 2 lines

= x 4 10. Hence, we are looking for the point of intersection of

c.x=0.45
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1 (2.26,14)
(1.75.1a) J
.--"""-P..F-
..-n-""--
.--"""...-'d
(0,45, 10.45) r/""
___'07/
(0,9.57)
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4.

(a)

_pb—x
v= T+q
ylx+q)=p—=z
r(1+y)=—qu+p
1
.'q:1§
Substitute (3, 2),

1
2=-1-3)+p
3

p=>6
=6 —11
p= =1
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11 Proofs of Plane Geometry

11.1 Full Solutions

1. (a)
ZFAD = ZBCD (angles in the same segment) (A)

FD = BD (given) (S)
LADF = ZCDB (vertically opposite angles) (A)
By ASA congruency test, AADF is congruent to ACDB

/GEA = ZCEB (common angle) (A)
LAGE = ZCBE (exterior angles of a cyclic quadrilateral) (A)
By AA similarity test, AGFEA is similar to ABEC

GA: AF = GA : CB (corresponding sides of congruent triangles)

= AFE : BFE (ratio of corresponding sides of similar triangles)

=3:1
(d) Not in syllabus

FEH? = EB x EA (tangent-secant theorem)
=FEB x 3EB
= 3EB? (proven)
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ZGEC = ZGCB (alternate segment theorem) (A)
LEGC = ZCGB (common angle) (A)
By AA similarity test, AEGC is similar to ACGB

/ZBCE = ZGCB (BC bisects LZACE)
ZGEC = ZGCB (alternate segment theorem)
.. ZBCE = /GEC
ABCE is an isosceles triangle
.. BC = BE (proven)
(c) Not in syllabus
GC? = GB x GE (tangent-secant theorem)
=GB x (GB + BE)
= GB®+ GB x BE
=GB?>+GB x BC (" BE = BC)
.GC? — GB? = GB x BC (proven)
(d) Not in syllabus
DG x GB = AG x GC (intersecting chord theorem)

DG _ GC
AG GB

2 2
(%) - (Gs)
(Ge)?
(GB)?
_ GBxGE
(GB)?

(tangent-secant theorem)

=GB (proven)
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ZTPS = ZSRP (alternate segment theorem) (A)
ZSRP = ZSPR (RS=PS)
.. ZTPS = ZSPR (proven)

ZSPT = ZPQT (alternate segment theorem) (A)
ZPTS is a common angle (A)
By AA similarity test, ASPT is similar to APQT
(c) Since ASPT is similar to APQT
sP_PT_ST
PQ QT PT

sp_pr
PQ QT
PT x PQ=QT x SP
Since SP = SR (given),

2. PT x PQ = QT x SR (proven)
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4. (a)
ZADG = 90° (tangent perpendicular to radius)

OB is parallel to DG (midpoint theorem)
LAOB = ZADG = 90° (corresponding angles)
Since OB is the perpendicular bisector of AD
AB = DB
.. ABD is an isosceles triangle
(b) By Pythagoras’ Theorem,
AG? — DG* = AD? (Pythagoras’ Theorem)
(2AB)?> — (2DF)? = AD? (AB = BG and DF = FQG)
4(AB? - DF?) = AD?
4(DB* - DF?) = AD? (AB = DB)
..DB* - DF? = iAD2 (proven)
(¢) In AADF and ADCF,
LDAF = ZCDF (alternate segment theorem) (A)

LAFD = /ZDFC (common angles) (A)
By AA similarity test, AADEF is similar to ADCF

(d) Since AADF and ADCF are similar,
DF _ AP
CF DF
DF? = AF x CF

Since GF = DF,
.GF? = AF x CF (proven)
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12 Differentiation

12.1 Full Solutions
1. (a)

dy

dx

(b) For y to not be an increasing function,

(¢) When x = 3, = 46

dt

z+1
(2z — 5)3

(22 —5)3(1) — (z + 1) [3(2z — 5)*(2)]

(22 — 5)3]
_ (22 —5)*[(22 — 5) — 6z — 6]
N (2z — 5)6
_2r-5—-06x—6
 (2z—5)4
—4r —11
= @ 51 (shown)
dy
=<
dr — 0
—4r—-11<0
3
x> —2—
- "4
e _dr|  dy
Cdt dy|,_,  dt
(2(3) —5)*
=L x4
TE TR
=2

.. Rate of decrease = 2 units/s

z =1
Cdz g
When x =3,y =4
dz
co— =3(4)?
dyly,—4
=48
ez dy
Tdt dy Cdt
= (48)(46)
= 2208 units/s
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2. (a)
/ZDEC = 150° — 90°
= 60°
. ACDE is an equilateral triangle
.. Perimeter: 6z 42y =4
y=2-—3x
.. Area of frame = Aagcp + AACDE
1
= 2zy + 5(2x)(2x) sin 60°
= 22(2 — 3x) + 227 (?)
= 22 — 622 + /322
=4z + (\/5 - 6) 2% (shown)
(b) i
C—a42(V3-6)a
dx
dA

Since the area of the frame is a maximum, e 0
x

.'.4+2<\/§—6)x:0

313:2(@_6)@

Hence, from the second derivative test, A is maximum

.~.MaxA:4<_\/§2_6>+<\/§_6> (_\/;_6)2

— 0.937218...
= 0.937 (3.s.f.)

Updated: February 22, 2022 Page 55 © Kaiwen



4049 Additional Mathematics February Practice Questions 2022

3. (a)

Total volume = 120
(3x)(3z)(z) + = (xz) y =120
922 + maty = 120

120 — 923
y = 2
wr

Total surface area = 2 (91’2) +4 (31‘2) + 2wy

120 — 923
— 3022 + 22 (02956>
T
240
= 302% + ~— — 1822
x
240
A= +122% (shown)
T
(©) 240
A="" 122"
T
dA 240
=— 24
dz x2 e
. . . dA
Since the surface area is stationary, — =0
T
240
— 3 +24x =0
T
242° = 240
2% =10
r =10

240 W\ 2

A= s t12 (v10)
= 167.097198...
=167 mm? (3.s.f.)

d?A 480

i B

CdPA 480

. =+
dz? |,_y15  (Y10)°
=72>0

Hence, the stationary value of A is a minimum
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4. (a)

d < sinz ) (2tanz + cosz) cosz — sinz (2sec?  — sin z)

dr \ 2tanz + cos z (2tanz + cos z)?

2tanx cos z + cos? x — 2sin x sec? z + sin? x
(2tanz + cosz)?
2

_ 2sinz — 2sing (1 —i—tanzx) +cos?z +sin’
= 2

(2tanz + cos )

_ 2sinz — 2sinz — 2sinztan?x + 1

(2 tan z 4 cos )
11— 2sin x tan® x

~ (2tanz + cos z)

y=(1+az)e*
dy 3x 3z
o (14 2)3e> + (1)e
= 4¢3% + 33
d2y 3z 3z 3z
o) = 12¢e°" + [36 + 3z (36 )]
= 15e3% + 9ze3”
d2y
S RHS=9 —2
v+ dx?

=9 [(1+ ) e*] + 156 + 9ze®”
= 9¢3% 4 9ze3® + 1537 + 9ze3”
= 24¢e3* + 1823
=6 (46396 + 3:663””)
dy
—6(=2
(i)

= LHS (shown)
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13 Integration

13.1 Full Solutions

1. Point of intersection between the 2 curves:

3
54
*. Area of shaded region :/ 222 da:—l—/ g dz
0

[ ] + [54Inz]}
_2

(27) +54(In7 —1n3)

= 63.754084...
— 63.8 units? (3.s.f.)

2. (a) Based on the given information, we can see that f(z) is continuous

.'./OBf(x) d:v+/56f(w) dx:/:f(x) d:n—f—/jf(:r) dx

=10+ 14
=24
(b) (i)
/\/2:1:4—1 dmz/(Zm—kl)é dz
3
2z +1)2
= —-— + C
5(2)
1 3
=3 2x+1)2 4+¢
(i)
23 1
—d
/ IV / z
=2In|xz|+ ¢
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3. (a)

/48]”(1') da:—/osf(x) dx—/04f(x) dx
=16 — (—7)

=23

4
Area of shaded region = / f(z)+3dx
0

:/04f(x) d:r—l—/043d:c

= (=7) + [32];
=—7+12

= 5 units?
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4. (a) (i) When n =1,
8

20+ 1

=4In2z+1)+c¢

fl(x)‘n:l =

Hence, since f(1) =0,

4In3+c¢c=0
c=—4In3

S f(x) =4ln(2x +1) —4In3 OR f($)=4ln<2x;_1>

(ii) When n = 4,

8

f/(x)‘nzl = m

8
- f(@) :/(2x+1)4 da
—8/(2a:+1)4 dzx
= —%(2x—|—1)_3—|—c

Hence, since f(1) =0,

—%(2(1)+1)*3+c:0
4
T
4 4
S f(x) = —

81 3(2z+1)3
(b) For f(z) to have any stationary points, f'(x) =0

8

Gt 0

For the above to be well-defined, n < 0
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14 Differentiation & Integration

14.1 Full Solutions

1. (a)
2x

v= V8x — 2

NJ\»—-

dy (\/23: — x2> (2) — 2z { (8z — z?)~
dx 8z — 22
/ — .2 _ 8x— 22
I A e
8z — 22
2(8x—fc2)—8x+2x2

(8 — 21:)}

(82 — 22)*

8
- (shown)

(82 — 22)?

/523: dxl/SSx dx
2\ /(8z — x2)? 4 )2 v/ (8z — 22)3
r 5

1
1 26) 2(2) ]

41VEG) - ()2 VBE) -
S L

41v15 V12
5 1
S 2v3V5 23

55 VBVS

T 2/3V5 V36
5V3VE—5v3

30
3

= (va-)
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()

T
Vet = 50— 0
=2
dy 8(4)
wlos\ fis(4) - (2)2)°
- 1
=3
~1
Gradient of normal = ——
(3)
=2
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2. (a)

% (:1;625”) = 2xe®® 4+ %

=e**(2x + 1)

(b) At the stationary point, dy _ 0

dx
X2z +1)=0
1
e =0 (rej) or x=——
2
(c)
2 2
/ 4ze*® dx = 2/ (2$€2x + e — e2$) dx
0 0
2 2
:2/ 2262 + 2* d:r:—2/ e*® dx
0 0
_2[ 2;1:]2_2 1 2x ?
=2 |ze™|, 5¢ )
_ 9 ((2)62@)) oL@ 1 20
2 2
= 164.794450...
— 165 (3.s.£)
Updated: February 22, 2022 Page 63 © Kaiwen



4049 Additional Mathematics February Practice Questions 2022

3. (a)
322
v= z—1
dy _ (x—1)(62) — (3:) (1)
da (z - 1)°

- 622 — 6x — 322

B (z —1)?

_ 3z(z —2)

BCED

(b)
4oa? 2 1 43(:132—233) .
/2 3(x—1)> 9/2 (x —1) I
17 322 1"
"9 |:.1‘ - 1]2
1] 3(4)? 3(2)?
_9[(4)—1_(2)—1]
4
9
: dy
(c) Given that = —4,
dx dr dy
dt|,_,  dy " dt

[ @-v ],
- !3(3)((3) —2)] =

T
= _15 units/second
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4. (a) ,
z 2
= — -8

Y 3 +x T
d
U _ g2 +2x -8
dx

. . dy

At the stationary points, — =0
dx

st 420—-8=0

T =2 or r=—4
d?y
When z = 2,
d2
SV —22) 42
dz*|,_,
=6>0
Hence, z = 2 is a minimum point
When z = —4,
d2
=Y = 2(—4) +2
dzx r=—4
=—6<0
Hence, x = —4 is a maximum point

(b)

0 b
1 1
Area under the curve = / (33:3 +22 - 8x) dx — / (3:63 + 22— 8x) dz
a 0

(1 1 o 11 1 b
B . g 4m2] — [m4 + -2 — 49:2]
“ 12 3 0

N P VRS S S | N A SV T T
—_0 (12a +3a 4a>] [(12b +3b 4b

Ly 13 o L,y 13 2
=——a"— = da” — —=b" — =b° 4+ 4b
PR R U L L
[ 1 1
= |4 (a2 + b2) 2 (a4 + b4) ~3 (a3 + bg)] square units (shown)
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5. (a) Let
sinx 4 cosx

fz) =

sinz — coszx

(sinxz — cosz) (cosx — sinx) — (sinz + cosz) (cos x + sin x)

f/(x) = B 2

(sinz — cos x)

(sin xcost — sin x — cos? & + sin x cos x) — (sin2 x + 2sinz cos x + cos? ac)

(sinz — cosz)?
2

(sinz — cos x)*

d f'(=)

S pw) =5
B 2 sinz —cosx
B _(sin:c — cosg;)2 . sinx + cos
. 2
" (sinz 4 cosz) (sinz — cos x)
B 2
T sin’z —cos?x
= c0s22m (shown)

Wl

I e A
z 1—2sin?zx cosQa:
1 2
— d
2/7r cos 2x v
sinx 4 cosx
n>2—— 1T ="
sinx — cosx
1n<s1n +Cos2>
| 31n§—0052
L[ oy (5
o M\1 20 Vi1
L 2 2

_}__ln V3+1
=3 | Vo

= —0.658478...
= —0.658 (3.s.f.)

vl

N = N
r |
—

—

| =

s1n T + cos Sin g +cos 3

n
sm % — COS % 3
1
+3

)]
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15 Kinematics

15.1 Full Solutions

1. (a)

When t =0, a = -3

(b)

=6t+k

—-3=06(0)+k
k = —3 (shown)

v=23t>—3t

When the particle is at instantaneous rest, v =0

Whent=0,5=0,c=0

When t =1,

When t =4,

.. Average speed = —

32 —-3t=0
tt—1)=0

t=20 or t=1

3
= 5zt2+c
g3 32

2

3
— (13 — 2(1)2
s=(1)" =51
1
2

3
s =(4)° - S(4)°

2
= 40

1
.. Total distance = 40 + =(2)

2
=41 m

41
4

1
=10— m/s
1 /
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2. (a) When the particle is at instantaneous rest, v = 0

5(1—€'") =0

et =1
l1—t=Inl

t=1

s:/vdt

=5t+5el "t + ¢
Whent=0,s=0

he+c=0

c= —be

s =5t+5e' "t —5e

.. Distance = s|,_, — s|,_;
= [5(2) + 5e'* — 5e] — [5(1) 4+ 5e' " — 5e]
= 1.839397...
=1.84 m (3.s.f.)

_dv
S dt
= hel ™t

a

When t = 2.5,

a = 561—2.5

= 1.115650...
=1.12 m/s?

(d) Ast — o0, ™t =0
Lv=5m/s
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0
al,_o = 2cos <3>

=2 ms?

U:/adt
t
:6sin<3)+c

5.2=06sin0+c¢
c=2

t
Sov=06sin | - 2
v sin <3) +

t
6 si - 2=0
sm<3>+
sin L
3/ 3

o =sin~! <;) (Quadrant 3 & 4)

t _ N -1 1

§—7T+51n <3)

t=3 {ﬂ#—sinl <1>]
3

= 10.444288...
= 10.4 sec

t 1

3= 2m — sin 1 <3)

t=3 |27 —sin~! 1
N 3

= 17.830045...
=17.8 sec

3. (a) Whent =0,

When t =0, v =2

At instantaneous rest, v = 0

In Quadrant 3,

In Quadrant 4,

.t=10.4sec or t=17.8 sec
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()

s:/vdt

t
= —18cos <3> +2t+ ¢
Whent=0,s=0

5.0=—18cos0+2(0) + ¢
c=18

. s = —18cos <;> + 2t + 18

When ¢t = 10.444... sec,

s = —18cos <3 [W—’—Si;_l (:1)’)]> —1—2{3 [77+sin_1 (;)} } + 18

= 55.859140... m

When t = 15 sec,

1
s = —18cos <35> +2(15) + 18

= 42.894080... m

.. Total distance travelled = (55.859140...) + (55.859140... — 42.894080...)
= 68.82...
= 68.8 m (3.s.f.)
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4. (a)
dv
— =5—t
dt
o . dv
When the velocity is maximum, I 0
S0=5-1

t =5 sec (shown)

(b) Velocity-time graph

(¢) When t =5,
Lo 2
v=>5(5) — 5(5) +4
1
=16=
2
Since the deceleration is uniform, it will form a straight-line graph with a negative gradient
of —1.5
1 1
=16 =—-1-(t—=5
1
=—-1-t+24
v 5 +
Hence, at B, v =0
0=-1 lt +24
.. — 2
t =16 sec
(d)
Total distance = Area under the graph
5
1 1 1
= [ 5t——t*+4dt+ - (162 ) (165
o= (10 005
5, 1., b3
= |=t"— =t 4t 90-
] s
5 1 3
= |=(5) — =(5)° + 4(5)| + 90>
502 - 50 +105)] + 902
5
=152—m
12
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