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Complex Numbers
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A complex number is of the form:

𝑖 = −1

Imaginary Number 𝒊

Cartesian Form
𝑧 = 𝑥 + 𝑖𝑦

𝑖 = −1

𝑖 = −𝑖

𝑖 = 1

𝑖 = −1 = 𝑖

𝑖 = −1

𝑖 = −𝑖

𝑖 = 1

where x and y are real numbers and 𝑖 = −1

x is the real part of z, Re(z)
𝑥 = 0 ⟹ 𝑧 = 𝑖𝑦 is a purely imaginary number

y is the imaginary part of z, Im(z)
Note that Im(z) does not include 𝒊
𝑦 = 0 ⟹ 𝑧 = 𝑥 is a real number

The set of complex numbers is denoted by ℂ



Complex Number Operations
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Equality of 2 Complex Numbers

𝑥 + 𝑖𝑦 = 𝑎 + 𝑖𝑏 ⟺ 𝑥 = 𝑎 and y = b

Addition of Complex Numbers

𝑥 + 𝑖𝑦 + 𝑎 + 𝑖𝑏 = 𝑥 + 𝑎 + 𝑖 (𝑦 + 𝑏)

Subtraction of Complex Numbers

𝑥 + 𝑖𝑦 − 𝑎 + 𝑖𝑏 = 𝑥 − 𝑎 + 𝑖 (𝑦 − 𝑏)

Multiplication of Complex Numbers

𝑥 + 𝑖𝑦 𝑎 + 𝑖𝑏
= 𝑥𝑎 + 𝑖𝑥𝑏 + 𝑖𝑦𝑎 + 𝑖 𝑦𝑏
= 𝑥𝑎 + 𝑖𝑥𝑏 + 𝑖𝑦𝑎 + −1 𝑦𝑏
= 𝑥𝑎 − 𝑦𝑏 + 𝑖 (𝑥𝑏 + 𝑦𝑎)

Let  𝒊𝟐 = −𝟏

Division of Complex Numbers

3 + 5𝑖
2 − 𝑖

=
3 + 5𝑖
2 − 𝑖

×
2 + 𝑖
2 + 𝑖

=
6 + 3𝑖 + 10𝑖 + 5𝑖

4 − 𝑖

=
6 + 13𝑖 − 5

4 + 1

=
1 + 13𝑖

5

=
1
5
+
13
5
𝑖

Let  𝒊𝟐 = −𝟏

𝑥 + 𝑖𝑦
𝑎 + 𝑖𝑏 =

𝑥 + 𝑖𝑦
𝑎 + 𝑖𝑏 ×

𝑎 − 𝑖𝑏
𝑎 − 𝑖𝑏



Complex Conjugates 
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The complex conjugate of 𝑧 = 𝑥 + 𝑖𝑦 is denoted by 𝑧∗ and defined as:

Cartesian Form
𝑧∗ = 𝑥 − 𝑖𝑦

where x and y are real numbers and 𝑖 = −1

𝑧 and 𝑧∗ are conjugates of each other and known as conjugate pairs

Observe that Re(z) = x = Re 𝑧∗
While Im 𝑧∗ = −𝑦 = −Im(z)

Useful Properties:

1. (𝑧∗)∗= 𝑧

2. z + 𝑧∗ = 2𝑅𝑒 𝑧

3. z − 𝑧∗ = 2𝑖 𝐼𝑚 𝑧

4. z𝑧∗ = 𝑥 + 𝑦

5. z = 𝑧∗ ⟺ 𝑧 𝑖𝑠 𝑟𝑒𝑎𝑙

6. (z + 𝑤)∗ = 𝑧∗ + 𝑤∗

7. (z𝑤)∗ = 𝑧∗ 𝑤∗

***Important Result: Complex Roots of Polynomial Equations

Non-real roots of a polynomial equation with real coefficients occur in 

conjugate pairs

𝑥 − 2𝑥 + 2 = 0 has REAL coefficients to which 𝑥 = 1 ± 𝑖 are 

conjugate pair solutions

𝑧 + −2 + 3𝑖 𝑧 + (5 − 𝑖) = 0 has IMAGINARY coefficients therefore 

the solution does not contain conjugate pairs
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Geometrical Representation of Complex Numbers

SHALYN TAY COPYRIGHTED ©

Argand Diagram

Example
Im

Re

P ( x, y )
y

x

r

𝜽

modulus

argument

r is the modulus of the complex number z, denoted by 𝑧
𝒛 = 𝒓 = 𝒙𝟐 + 𝒚𝟐

𝜃 is the argument of the complex number z, denoted by arg(z)
where − 𝝅 < 𝒂𝒓𝒈(𝒛) ≤ 𝝅 and arg(z) should be given in radians

Complex Number addition and subtraction follow the vector 
parallelogram law of addition and subtraction

Im

Re

4

3

𝜶

Im

Re

−4

-3

𝜶

3 + 4𝑖 = 3 + 4 = 5

tan𝛼 =
4
3
⟹ 𝛼 = 0.927 𝑟𝑎𝑑

arg(3 + 4𝑖) = 0.927 𝑟𝑎𝑑

−3 − 4𝑖 = 3 + 4 = 5

tan𝛼 =
4
3
⟹ 𝛼 = 0.927 𝑟𝑎𝑑

arg 3 + 4𝑖 = −𝜋 + 0.927 𝑟𝑎𝑑

measure 
argument from 
positive real axis

-ve

+ve



Complex Numbers Polar Form
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Im

Re

P ( x, y )
y

x

r

𝜽

modulus

argument

Cartesian Form
𝑧 = 𝑥 + 𝑖𝑦

Any complex number can be written as:

Polar Form

𝒓 cos 𝜽 + 𝑖 sin𝜽

OR

𝒓 𝑒 𝜽

Multiplication & Division of Complex Numbers in Polar Form

𝑧
𝑧 =

𝑟 𝑒
𝑟 𝑒

=
𝑟
𝑟 𝑒 ( )𝑧 𝑧 = 𝑟 𝑟 𝑒 ( )

Other Useful Properties

1. 𝑧 𝑧 = 𝑧 𝑧

2. =

3. 𝑧 = 𝑧

1. 𝑎𝑟𝑔 𝑧 𝑧 =𝑎𝑟𝑔 𝑧 + 𝑎𝑟𝑔 𝑧 = 𝜃 + 𝜃
2. 𝑎𝑟𝑔 = 𝑎𝑟𝑔 𝑧 − 𝑎𝑟𝑔 𝑧 = 𝜃 − 𝜃

3. 𝑎𝑟𝑔 𝑧 =𝑛 𝑎𝑟𝑔 𝑧 = 𝑛 𝜃



Mod & Arg Relationship With Conjugates
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𝑧∗ = 𝑧

𝑎𝑟𝑔 𝑧∗ = −𝑎𝑟𝑔 𝑧

Im

Re

P ( x, y )y

x

r

𝜃

P* ( x, -y )

−𝜃

𝑧𝑧∗ = 𝑥 + 𝑦 = 𝑧

𝑧 = 𝑟 𝑒 𝑧∗ = 𝑟 𝑒



Geometrical Effect Of Multiplying 2 Complexes 
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Multiplying 2 Complexes Multiplying a Complex by i

Im

Re

z

i3 z i2 z 

i z 

When complex number z is multiplied by i, the point represented by z 

on the argand diagram is rotated anti-clockwise through an angle of 
𝝅
𝟐

radians about O

Im

Re

z1

∅

z1z2

𝜃

𝑧 𝑧 = 𝑟 𝑟 𝑒 ( )

Scale a factor r of the length O𝑧 , followed by an anti-clockwise 

rotation through an angle of 𝜽𝟐 radians about O
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Join our telegram channel:
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Professionally designed crash course to help you get a condensed revision before your ‘A’ Levels!
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Pre-register now on our website and secure your slots!

http://www.overmugged.com/
https://www.instagram.com/overmugged/
https://t.me/overmuggedAlevels
https://www.overmugged.com/crashcourses

