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1 Quadratic Equations & Inequalities
1.1 Full Solutions
1. (a)

329:+1 — 6 (31}71) —p
3(3%) —2(3")+p=0

Let a = 3%,
30> —2a+p=0

Discriminant = (—2)% — 4(3)(p)
=4—12p

1
Given that p > 3’

—12p < —4
4-12p<0

Since the discriminant is less than 0, the equation has no real solutions

(b)
Let Equation (1) = Equation (2),

a2
22+ (—a—2)x + (24) =0
Since the line intersect the curve at 2 distinct points, b — 4ac > 0
a2
(—a —2)% —4(1) (2 - 4) >0

—a®>+4a+20>0
a>—4a—-20<0

Solving for a,

o —(—4) £ /(—4)? — 4(1)(—20)
2(1)
_ 4+49
- 2
=2+2V6

2—2v6<a<2+2V6
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2. (a)

y=pa® —dx+p
Since the curve lies entirely above the z-axis, b* — 4ac < 0
(—4)* = 4(p)(p) <0
4p* > 16
p? >4
p< =2 or p>2

Since the curve lies entirely above the xz-axis, p > 0

Sp>2

Substitute Equation (1) into Equation (2),

2(r +2k)? — 22 -8 =0
2 (2% 4 dkz 4+ 4k*) — 2> -8 =0
2% + 8kx + 8k* —2° —8 =0
z® + 8kx + (8k* —8) =0
To prove that the line will intersect the curve at 2 distinct points, WTS: b? — 4ac > 0
b* — dac = (8k)* — 4(1) (8k* — 8)
= 32k* 4 32
=32 (k* +1)
Since for all real values of k,
k* >0
K +1>0
32(k*+1)>0

Since the discriminant is always positive for all real values of k, the line will intersect the curve at
2 distinct points
O
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3. (a)

(b) To show that the curve will cut the curve at 2 distinct points, WTS: b*> — 4ac > 0

b” — dac = (—2p)* —4(1)(p - 1)
=4p® —4p+4
=4(p*—p+1)

From part (a),

Since for all real values of p,

1\ 2
4le—=] >
(J: 2) >0

1 2

Since the discriminant is always positive for all real values of p, the curve will cut the z-axis at 2

distinct points

O
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4. (a)
4

—— <0
322+ 14x — 5
Since the fraction is always negative,

322 +14x—-5>0
Bz —1)(z+5)>0

x < —5H and x> —

From part (1),

Substitute Equation (3) into Equation (2),

2+ (—2c—2)z+ (*=3) =0
Since the curve intersect the line at 2 distinct points,

(=2¢—2)> —4(1) (* = 3) >0
42 +8c+4—-42+12>0
8¢+ 16 >0

c> —2
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2 (Indices) and Surds

2.1 Full Solutions
1. (a)

V80 = V20 — zV/48
x(\/%—i—\/@) =20

V20

CT R0+ Vs
25 X4\/5—4\/§
45 +4v3  4V5-4V3
40 — 815

D

_5—+V15

B 4

Volume of prism =

(50\/3 - 101) _

(4-v5) @)
(21 _ 8\/5)

SN

50v/5—101 21 +8v5
21 — 85 o +8v5
1050/5 + 2000 — 2121 — 808v/5
121
242+/5 — 121
121

= (2\/5— 1) cm

Sh=
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Curved surface area of cone = mrl

7r<5+2\/§)l: <5173\/§)7r
51—-3v3 5-2V3
5+2v3  5-23
255 — 102v/3 — 15v/3 + 18
25 — 4(3)
273 —117v/3
13
- (21 — 9x/§) cm

l:
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3 Polynomials

3.1 Full Solutions
1. (a) Let x = —1,

4
Let z = -,
3

1
Let z = -,
et r 3

(b) Diagram

F(=1) = 9(=1)° = 6(~1)* = 11(=1) +

4
(3

=0

oo (x4 1) is a factor of f(x)

)

=0

i) -

4

3

)

4

3

. (3z —4) is a factor of f(x)

. (3x — 1) is a factor of f(x)

4

)+

o f(x) = (x4 1)(3z — 4)(3x — 1)

/.

AN

i

™

¥
+
41
o 1

IN
8
IN

L =

N%

|

v
ok
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2. (a) Let a be an arbitrary constant
F(z)=a(z+1)(x —2)(z —5)

S F(3)=3

a3+ 1)(3-2)(3—-5)=30

_ 15

“=y
- F(x) = —%(x 1)@ —2)(z —5)
When divided by (z + 3),
F(=8) = =2 (-3 +1)(-3 - 2)(~3 ~5)
=300
(b)
F(vVm)=0

~2 (1) (Vi - 2) (Vi - 5) =0

vVm = -1 (N.A) or Vm =2 or Vm =15

m=4 or m = 25

3. (a) Forz? =3z —1=0,

b? — dac = (—3)* —4(1)(—1)
=13>0

Since the discriminant of the factor is positive, there are 2 real roots

Hence, f(z) =0 has 4 real solutions

f(z)=3(x+2)(xz—3)(2* -3z - 1)
=3(x2—x—6) (x2—3x—1)
=3x* — 1223 — 1222 + 57z + 18

(¢) When divided by (2z + 1),
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4. (a) Let
f(x) =22 — 32% — 3z +4

Let x =1,

f(1)=2(1)2-3(1)2-3(1) +4

o (x —1) is a factor of f(x)
Let b be an arbitrary constant,
20° — 32> =3z +4 = (z — 1) (22° + bz — 4)

Comparing the coefficient of z,

(z—1)(22° —2—4) =0

1=
4
sx=1 or z=1.69 (3.s.f) or z=-1.19 (3.s.f.)

r=1 or

(b) By the Factor Theorem,

p(5)+1=0
p(5) = ~1
By the Remainder Theorem,

9(5) =2(5)* — p(5) + 5
— 256
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5. (a)
2 —4=(v+2)(x—2)

Substitute Equation (1) into Equation (2),

—4p — 11(—32 — 12p) = —32
—4p + 352 + 132p = —32
p=-3

Substitute p = —3 into Equation (1),

P(z) = 22" — 32® — 32 4+ 122 — 20

() () ) ()

(¢) Let b be an arbitrary constant
20" — 32% — 32% + 120 — 20 = (2 — 4) (22° + ba + 5)

Comparing the coefficient of z,

o P(z) = (2° —4) (22° — 32+ 5)
2 =4 or 22% —3r+5=0
For 2z% — 3z +5=0,
Discriminant = (—3)% — 4(2)(5)
=-31<0

. There are no real roots for 222 — 3z +5 =0

. 2 solutions
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4 Partial Fractions

4.1 Full Solutions

1. (a) By Long Division,
4x3—|—5:c2—|—x—1_ A |

x2(x +1) =4 z2(x 4+ 1)

?»+x—-1 A B C

- -y 4=

x2(z+1) x x2 x+1

2’ +x—1=Ax(x+1)+ Bz + 1)+ Ca?

Let x =0,
(0) +(0) — 1= A(0)(0 + 1) + B(0 + 1) + C(0)*
B=-1
Let x = —1,
(=1)? +(=1) =1 =A(=1)(=1+ 1) + B(-14+1) + C(-1)?
C=-1
Let x =1,

1?2 +1)—1=A1)1+1)—(1+1)—1(1)?

A=2
43 + 522 +x — 1 2 1 1
. ; =44 - - — —
z?(x +1) x x2 x+1

/4x3+5x2—|—x—1d /4+2 1 1 J
T = - — — T
z2(x +1) x 2?2 x+1

1
=4dx+2lnz+ — —In(z+1)+c
T
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2. (a)
52 +4x—-3 A B C
22 —1) oz a2 2z—1
522 +4x — 3= Az(2x — 1) + B(2z — 1) + C2?
Let z =0,
5(0)% +4(0)2 — 3 = A(0)(2(0) — 1) + B(2(0) — 1) 4+ C(0)?
B=3
1
Let z = >
1\? 1 1 1 1\?
(3) +1(2)-24G) 2G) 1) 2 2(5) -+ 5)
C =
Let x =1,
5(1)% +4(1)2 =3 = A(1)(2(01 — 1) +3(2(1) — 1) + (1)?
A=2
5% + 4z — 3 2 3 1
z2(2z — 1) _;+E+2a}—1
(b)

522 + 42 — 3 52 3 1
T Y de= | 2424 dx
1 222z —1) 1z x —

1 5
= {Zhlx— §—i-flrl(2x— 1)]
z 2 1

3 1 3 1
= |21 — =+ =1In(2 — 1| —[2In1l—-4+=(2(1) -1
25— £+ 51n(266) - 1) - [2m1 =24 G - )
3 1
=2In5— -+ -1
nb 5—&-21&9—!-3
=%+1n25+ln3

12
=< +1In75 (shown)
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3. (a) Let
f(z) =22 — 1322 + 242 — 9

Let x = 3,
f(3)=2(3) —13(3)> +24(3) — 9
o (x — 3) is a factor of f(x)
(b) Let b be an arbitrary constant
20° — 132° + 240 — 9 = (x — 3) (22° + bz + 3)
Comparing the coefficient of z,

24 =-3b+3
b=—7

f(z) = (z—3) (22° — Tz + 3)
=(x—3)(2z —1)(z — 3)
=2z —1)(z —3)?

522 — 30z + 10 A B C

(22 — 1)(x — 3)2 _2:13—1+:L‘—3+(:L‘—3)2
572 — 30z + 10 = A(z — 3)* + B(z — 3)(2z — 1) + C(2z — 1)

Let z = 3,
5(3)2 —30(3) + 10 = A(3—3)*+ B(3—3)(2(3) — 1) + C(2(3) — 1)
C=-7
Let z = 1,
2
1\? 2 1
o(3) —0(z)0=alG) =] +2 () ) )+l (G)
s-_3
5
Let z =0,
5(0)% — 30(0) + 10 = —g(o —3)2 4+ B(0 - 3)(2(0) — 1) — 7(2(0) — 1)
p- 4
5
o 5a*—-30z+10 3 n 4 7
"2z -1)(z—-3)2  5R2x—1) 5(x—3) (x—3)2
(c)
1022 — 60z + 20 522 — 30z + 10
/2x3—13x2+24m—9 dx2/(2x—1)(a:—3)2 dz
3 14 7
2/5(235—1) T 5w-3) wosp @
3 14 7
=2 [—5(2)ln(2x—1)+5ln(a:—3)—(1)(x3>+c

3 28

(z —3)

Updated: July 27, 2022 Page 15 © Kaiwen



4049 Additional Mathematics May Practice Questions 2022

22+ 8 =3 + 22
:(:1:—|—2)(:c2—2:c+4)

1
Volume = 3 (Base Area) (Height)

1 2 1 14
= (2° 4 8) (Height) = 2° + —2® + —a +4

3 3 3
323 + 22 + 14z + 12
Height = v +:p3+ T
2 + 8
By long division,
2 4 14z — 12
h=84+ ———— ——
3 4+ 8
(i)
2 + 1dx — 12 D Ex+G

G+ (2 —20+4) w42 2 —2w44
2’ + 14z — 12 =D (2* — 22+ 4) + (Bz + G)(z + 2)
Let x = -2,

(=2)? +14(-2) =12 =D [(-2)® = (=2)® + 4] + [E(-2) + G] - [(-2) + 2]

—36 = 12D
D=-3
Let z =0,
(0)> 4 14(0) — 12 = (=3) [(0)* — (0)* + 4] + [E(0) + G] - [(0) + 2]
—12 =4(-3) +2G
G=0
Let x =1,

(1) +14(1) = 12 = (=3) [(1)* = (1)® + 4] + [E(1) + 0] - [(1) + 2]
3=-9+43E
E=4
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5 Binomial Theorem

5.1 Full Solutions

1. (a)
n 2
2 n n n—1 [ 2 n n—2 (2
5 _ (.5 5 5
(o2 e (e () () e (3) -
-1
— 24 (xSn—S) (2x—6) + “(”2 ) (x5n—10) (43;—12)
=25 + 2nz®" " 4 2n(n — 1)25" %2 4 L
(b)
2n(n —1)
2R /8
2n
n =9 (shown)
O
()
9 5\9—7 2 "
Tht1 = (T) (x ) (x6>
_(9 T (,45-11r
- (Beres
For the constant term, z°
45 —-11r =0
45
= __ ¢zt
r=1 ¢ =<
.. There is no constant term (shown)
O
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2. (a)

For the independent term, z°

Il
N\
=

) (_1)7'a16—37'x7'—4

r—4=0

T =

Term independent of x = (i) a3 (1)t

= 70a*
(b)
3 4 —_4 2 2 8
(mmzx) (\C}E — {f) = (3£2 — 4) ( + 22 term + independent term + )
For the z? term,
r—4=2
r==06

()

Term in 2% = (2) a'0730)g0-4(_1)6

= ﬁgj

2 8
2
e \/5) = (3z% — 4) ( + ;§$2 +70a” + )

VT ooa
112
= ...+ 210a%2? — ?xz +
112
. Coefficient of 2% = 210a* — —
a
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3. (a)
(142) =17+ G) (1)71a + @ (1)72(2)% + (;) (1)73(2)® + .
=1+ 7z + 212> + 352°% + ...
(b)
e (o (2)
() cayane
(c)

Power = 18 — 57

(d) For the 2 term,

18 —5r=3

T =

Coefficient of 2® = 35 + (9) (—2)?

3
— 637
4. (a)
(3—pz)>+ (2+2)° = [ + @ (33 (—pa)® + ] + [ + (g) (2)53(2)® + ]
= ... (—90p® +160) 2° + ..
2. —90p® + 160 = %
|
P3 = 3
_1
P=3
(b)

(22 —22)% (24 2)° = (2* — 42® + 42?) <26 + (?) (2)57(z) + >

= .. +5122% + ...

. Coefficient of 2> = 512
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6 Exponential & Logarithms

6.1 Full Solutions
1. (a) When t =0,

N = 8000 (2 T 36—%)

= 8000 (2 + 3¢°)
= 40 000

(b) When t = 50,

N = 8000 (2 + 36—%)

= 8000 (2 +3e™ ")
= 24829.10...
= 24800 (3.s.f.)

20 000 = 8000 (2 n se*@

e =
t ° 1
50 " hlé
t=-50Iln~
= 89.587973...

~ 90 years

N t
d— = 24000 (—t) e 50

dt 50
— 480" 50
aN — 48050
dt t=10
= —392.990761...
— 393

.. The rate is decreasing at a rate of 393 polar bears/year
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(e) t
t—>00 = e 5 =0
N — 8000(2)
= 16000

.. The population will never fall below 16 000

(f) Diagram

4 population
40 000

N =16 000

time
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2. (a) (i) Diagram

v=log,(3x+1)

]
I
[

Lk | =
— " — — ] — — — — — —

(i)
y =log,(3z + 1)
2 =3zx+1

Since 2Y > 0,
3r+1>0

1
T>-3 (shown)

log,(3x + 1) + logf(?)x -1) =

1 3 — 1
log,(3z + 1) + B { Ogii)g v ]
2 V2

log,(3z + 1) 4 logy (32 — 1)
log, [(3z + 1)(3z — 1)]

2927 -1 =

Wl N =

or Tr = —

1 .
ﬁ (rej)
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logo 1 —p+qg=0-—27 429

=2Y 2%
log, ZLZ:
q

[log, p° — log, ¢°]

N = N

(5z — 3y)

(iii)
log, 4 +logy p
lo dp = —=———>=—
B2 logy V2
—2(2+ )

4log, z + 1 = 3logg(5 — 3x)
4 logy x t1=3 log, (5 — 3x)
log, 4 log, 8
logy (5 —3x) —2log,z =1

5—3x
10g2 (I2) =1

5 —3x
— =2

X
2624+ 32 —-5=0
(xr—1)2z+5)=0

5
=1 or z=-3 (rej)
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4. (a)
2logs x + logys 16 = logs (92 — 2)
log: 16
2logs x + logz 55 = logs (92 — 2)
1
2logs x + 3 logs 16 = log; (92 — 2)
logs 2% + logs 4 = logs (92 — 2)
cAz® =9z — 2
4 —9x4+2=0
(dx—1)(z—-2)=0
1
ST == or r=2
4
(b)
! =1 b—1 b
log,,a log,, b 8a @ 8 @
=log, a + log, b — log, a — log, b
=log, b —log, a
! 1
~ logya log, b
= —v293
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5. (a) (i) When I = I,

(ii)
It

5.8—lg<1>
0

58 =lglr —lg I

6.3:lg<l )
0

6.3=1glc—1gl,

lc

Taking Equation (2) - Equation (1),
0.5=lglc —1glr

()

. le 10°-3

.

2P~9 + 87 — /320

log, 6 — log,(11g — 2p) =1

lo

Ir

From Equation (1),

From Equation (2),

2log, 6 —log,(11g — 2p) =2
log, _36_ =
11q —2p
. 36 —
T llg-2p

2

Substitute Equation (3) into Equation (4),
11¢ — 2(—12¢—36) =9

9
Substitute ¢ = —x into Equation (3),
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7 Trigonometry

7.1 Full Solutions
1. First, note that A is in the 4th quadrant, B is in the 2nd quadrant

& A T B

L J
el

cos(A + B) = cos Acos B — sin Asin B

-(5)(5)-(5) ()

16

65
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2. (a)
TX = 16cos @ XU = 16sin6 WU = 6cosf WV = 6sinf

P=16+6+6sinf + (16sin6 — 6 cos #) + 16 cos 6
=22+ 10cosf + 22sinf (shown)

R =/(10)% + (22)°
= /584
= 2V/146

¢ 10
ana = —
22

1
a=tan"! (0>
22

= 24.443954. .
=24.4° (1.d.p.)

. P =224 24/146sin (0 + 24.4°)

Prax = 22 4 2v/146
= 46.16609... cm < 45 cm

.. Hence, it is possible for P to be 45 cm

(d) When P = 45,

1
22 + 2v/146 sin [9 + tan™! (0)] =45

22
10 23
sin [0 +tan™ ' [ = || = —
[ (22)] 584
23
-1
« = sin — uadrant 1 or 2
(=) «© )
For Quadrant 1,
23 10
f=sin"' [ —— ) —tan"! <>
<\/584) 22
= 47.684470...
=47.7° (1.d.p.)
For Quadrant 2,
23 10
=m—sin" ' —=) —tan"! <>
<\/584) 22
= 83.427619...
= 83.4° (1.d.p.)
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3. (a)
LHS = cos(A + B) cos(A — B)

= (cos A cos B — sin Asin B) (cos A cos B + sin A sin B)

= cos? Acos? B — sin” Asin® B

= cos? Acos®’ B — (1 — cos? A) (1 — cos? B)

= cos? Acos? B — [1 — cos? A — cos? B + cos® A cos® B]

=cos’ A+cos’ B—1

= RHS (shown)

O
(b)

cos 15° cos 75° = cos(45° — 30°) cos(45° + 30°)
= (cos45°)% + (cos 30°)% — 1

() (%)
13

— -+
T

N )
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4. (a) ()

LHS = sinz cos z + cot z cos® =

= cosz (sinx + cot x cos x)

. CcOS T
= cosx [sinx + " Ccosx
sin x

. cos? x
=cosz | sinx + —
sinx

sin® x + cos? z
cosp [ ———
sin x

= COST "
sSinx

=cotw
= RHS (shown)

(ii) From part (a)(i),

cotd3r =1

tan3z =1

-+

o = tan"*(1)

(Quadrant 1 or 3)

I

For Quadrant 1 (1st rotation),

For Quadrant 3,

For Quadrant 1 (2nd rotation),
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(b) (i) Diagram

x
y=tan_

-
0 / n
-2
y=3sinx-1
4 -
(ii)
3 solutions
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5. (a) Note that A and C are the maximum and minimum points of the curve, which is the amplitude

.2x3 =06 cm (shown)

Period = 2 x 0.25
= 0.5 seconds

o
05
= 47 rad/s

oob

..k =4 (shown)

—3cos(4mt) +7=8

1
cos(4nt) = — 3

1
a=cos ! (3) (Quadrant 2 or 3)

1
7 —cos™ ! (3>
t=—————

47
= 0.152043...

=0.152 s (3.s.f.)

7+ cos™! 1
. \3]
47

= 0.347956...
=0.348 s (3.s.f.)

For Quadrant 2,

For Quadrant 2,

t =

(d)
7+ cos ™1 1 m—cos | =
3)| 3
47 47
Duration =
uration 5
= 0.0979566...

=0.0980 s (3.s.f.)
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6. (a) From this diagram:

ZQPX = 0 (corresponding angles)
S.QX = 14sin6

ZPSY =180° —90° — 0

= 90° — 0 (adjacent angles on a straight line)

sin ZPSY = %
. PY = 8sin(90° — 0)
= 8cosf
.d=PY +QX

= 8cosf + 14sinf (shown)

O
(b)
R=/(8)2 + (14)
= V260
_ 8
a=tan~! <14)
=29.7° (1.d.p.)

. d=+/260sin (6 + 29.7°)
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(c)
v/260 sin [9 + tan~! (i)] = /200
8 200
i -1 _— = _—
sin [9 + tan (14)] 560

1
o =sin"! ( 13) (Quadrant 1)

For Quadrant 1,

10 8
-1 0y g3
0 = sin ( 13) tan (14)

= 31.544603...
= 31.5° (1.d.p.)
(d)
dmax = 2V 65
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8 Coordinate Geometry

8.1 Full Solutions

1. (a) Since ABC is a right-angled triangle
map X mac = —1

(9)-(65)

—36 = —(k — 2)(k +2)

-32=—k*+4
k% = 36
k = £6 (rej -ve)
k=6

(b) Let the coordinates of N be (0, n)
MBN = MBC
8—n 8—(—4)
2-0 2-(-2)

8—n
5 =
n=2
-.N(0,2)
Mid-point of BC = E, 8-4
2 2
= (07 2)
= Coordinates of N (shown)
O
(c)
—(—4
Gradient of AC = 07()
6—(—2)
1
2
Hence, the equation of AC is
1
y—-0= 5(55 —6)
1
y=5%- 3
. 1
Let the coordinates of M be (a, §a — 3)
Area of quadrilateral ABNM = 25 units>
1620 a 6
- 1 =25
210 8 2 -=3 0
2
1 1
—|(48+4)—(—-2a+6(-a—3 =25
2 2
o5a = 20
a =
S.M(4,-1)
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2. (a)
3—k
5= (=2 1.5
2—-k=6
k=—3

Gradient of BD = 7;

Hence, the equation of BD is

y—(-2)=—2@-1)
2 4
Cy= =
Y 3 3
() )
Y=5% (1)
2 4
=—=Z— = ...... 2
y=-38= 3 -(2)
Let Equation (1) = Equation (2),
2 4
Cr=_Zy_ 2
2 3 3
B, _ 4
6° 3
p=_ S
13

8
Substitute x = T into Equation (1),

(d) Since ABCD is a kite,

LY (2 249
‘T3 13 13
13 (et 2) 413 b+22—49(h )
o+ I3 5 = shown
O
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3. (a)
V(Ba—2)2+ (2a+4-0)2 =45
V942 — 12a + 4 + 4a2 + 16a + 16 = v/30
13a? + 4a + 20 = 80
13a% +4a— 60 =0
(a—2)(13a+30)=0
30
a=2 or T (rej)
(b)
Gradient of AD = 2-0
22
_ !
)

.. Gradient of DC = 2
Hence, the equation of CD is

y—2=2(x+2)
y=2x+6

.. C(0,6)

Midpoint of AB = <6+2 8+0>

2 72
= (474)

Hence, the equation of the perpendicular bisector is

1
y—4:—§(=’ﬂ_4)

1 46
=——x
Y 2

(d) Yes, the point C'(0,6) lies on the perpendicular bisector as the y-intercept of the perpendicular
bisector has a coordinate of (0, 6)

(e)

. 10 -2 2
Area of trapezium ABCD = 3le 2 0

5152~ (-8)]

~ L 60|
)

= 30 units?
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4. (a) .
y=r—5
Substitute y = 0,

1
0=x——
T

1

==

2

’ Let the coordinates of C' be (2, y.)

Midpoint of AC = Midpoint of BD
(O.5+IC 2+yc> _ <1 + 0.5 3.5+0>

2 72 2 72

X =2 Yo = 1.5

1
C(2,1=
2

1 5
E(1-,22
3’76

By inspection, using 3BE = BC

4
(b) At F, substitute = 3 into CD,

<
Il
N | =

S| UTW|

—
)]

r(ih)

(c) First, note that AN and EF are parallel, and are parallel to the y-axis

v
Gradient of AE = %
3 2
_5
1
5
20
Gradient of NF = %
3 2
_5
11

. Gradient of AE = Gradient of NF

Since AEF'N is a quadrilateral with 2 pairs of parallel sides, it is a parallelogram (shown)
O
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9

Further Coordinate Geometry

9.1 Full Solutions

1.

(a)
x? — 6z +y* + 10y = 66
(x—3)> =9+ (y+5)>—25 =66
(x =3+ (y+52=66+9+25
(x=3)*+ (y +5)° = 10?

.. Centre of Cy = (3,-5)
.. Radius of C7 = 10 units

The centre of the circle is 5 units from the z-axis and 3 units from they-axis. As the radius of the
circle (10 units) is larger than the distance of the centre from both axes (10 > 3 and 10 > 5), the
circle will intersect both axes twice. Hence, they are not tangents to the circle C

(b)

Distance = /(3 — 2)2 + (=5 — (—4))2
=v2<10

Since the distance between (2,—4) and the centre is smaller than the radius, therefore the point
(2, —4) lies inside the circle

()
New centre of Cy = (=3, —5)
; .VT
. U
] ¥ | N3
- % » X
A O
e
5T
i H
LY /
s 3

S (x+3)2+ (y+5)% =100
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2. (a)

p

x2+y2+px+(§+4)y+k20

(gt

2(-)-2(-5-9 50

3p—p—8+16=0

Substitute C' into the line,

..p = —4 (shown)
(b)
C(2,—1)

(¢) From the tangent x = —8,
Radius of circle = 10 units

210 =4/(2)2 + (-1)2 —k
100=4+1-Fk
k=—95

Length of CA = /(2 — 14)2 4 (=1 — (=8))2
=193 > 10

Since the distance between (14, —8) and the centre is bigger than the radius, therefore the point
(14, —8) lies outside the circle

()
ACX is a straight line
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3. (a) Since the centres lie on the line y = x, let the centres of C7 and Cs be (a,a)

a>+(a+3)?2=5
a’>+a*+6a+9-5=0
a’+3a+2=0
(a+1)(a+2)=0
a=—1 or a=—2
Cr:(x+1)2+(w+1)3%*=5 and Cy:(x+2)2+ (y+2)2
(b) For Cj, substitute y = 0,

For Cy, substitute y = 0,

Let Equation (1) = Equation (2),

(+1)+1=(x+2)>2+4
2242 +1+1=2’+4z+4+4

2c+6=0
r=—-3
(c)
Distance between 2 centres = \/(—1 +2)2 4 (=1 + 2)?2
=2
Greatest distance = V5 + V2 + /5

=v2+2V5

= 5.886349...

= 5.89 units
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4. (a)
Gradient of PQ = 67—;(—32)
_1
2
11-1
Gradient of RQ = 16
=-2

Gradient of PQ x Gradient of RQ = % x (—2)
=-1

Since the product of the gradients is —1, PQ is perpendicular to RQ. Hence, ZPQR = 90°
O

(b) Using the property: angles in a semicircle, PR is the hypotenuse of the right-triangle PQR, and
hence, P, @ and R lie on the circle with diameter PR

(c)
Centre = Midpoint of PR
(244 3+11
N 2 72
= (17 7)
Radius = PC
= /(1 —(-2))2+(7-3)?
= 5 units
(-1 4+ (y—-T72=25
(d)

Distance = /(3 — 1)2 4 (2 — 7)2
=v29>5

Since the distance between (3,2) and the centre is bigger than the radius, therefore the point (3, —2)
lies outside the circle

(e) Note that the centre lies on the normal to the circle. Hence, substitute (1,7) into the equation of
the circle
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10 Linear Law

10.1 Full Solutions
1. (a)

y=k(2)

lgy=1gk+

1
lgy = (lg2> t+1gk
m

Hence, we are plotting lg y against ¢

t
— g2
m

t 10 20 30 40 50
lgy 3.41 3.63 3.85 4.06 4.28

(46.6,4.18) —

4 / ] !
I
(0,3.2) | !
] ;
I
I
I
I
2 l
I
I
I
1 |
I
I
I
I
1

(b) (i) From the graph,
lgk=3.2
k=102
= 1584.893192...

— 1580 (3.s.f.)

1 4.35 - 3.51
—lg2= 2T
m 55— 15
= 0.021
1
m =

= 14.334761...

0.021
lg2

—=14.3 (3.s.f)

(ii) When y = 15000,

lgy =4.18 (3.s.f.)

From the graph,

t = 46.6 minutes
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2. (a)
9-3
dient = 2
Gradien 55
= -2
1
et
Yy x
2
T 2413
Yy x
E_l3x—2
y x
z2
YT 13— 2
(b)
"y =k

lgy =(—n)lgz +1gk

lg 0.301 0.602 0.778 0.903
lgy 0.928 0.777 0.690 0.627
(0,1.08)

From the graph,

lgk = 1.08
E — 10108
= 12.022644..
=12.0 (3.s.f.)

~0.98-0.38
T 02-14

n=—
2
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3. (a)

P = Pkt
InP =1In Pye ¥

InP=—-kt+1InPF,

t 6 9 12 15 18
In P 5.61 5.31 5.02 4.72 4.42
|
il
i
I
|
5 ; \\
|
————t‘_—:::_—:::::::_—::::::: {165, 4.55)
|
|
|
4 |
|
I
|
:
|
3 |
|
|
:
|
|
2 |
|
:
|
:
|
1 |
|
|
I
|
|
0 10 15 1 20
(b) From the graph
In P() = 6.2
PO = 66'2

= 492.749041..

~ 500 (nearest hundredth)

e 5.97 — 4.55
23-16.5
1
k=—
10

(¢) When P = 100,

InP = 4.61 (3.5.f.)

From the graph,

Number of years = 16.5 =~ 17 years
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11 Proofs of Plane Geometry

11.1 Full Solutions
1. (a) Since D and G are the mid-points of HB and AB respectively

.. GO is parallel to AD (midpoint theorem)

ZDAB = 90° (angles in a semi-circle)
. ZGOB = 90° (corresponding angles)

ZDAH = ZCAD (AD bisects ZCAH)
ZABD = /DAH (alternate segment theorem)
ZCBD = ZCAD (angles in the same segment)

. ZCBD = /DAH = ZABD (shown)

/ZDBF = /BAD (alternate segment theorem)
= /ADB (AABD is an isosceles triangle)
AD is parallel to BF (alternate angles)
Since AD = BF, ABFD is a parallelogram

ZEDF = ZDBC (alternate segment theorem) (A)

/ZDFFE =180° — ZBF D (adjacent angles on a straight line)
= 180° — ZBAD (opposite angles in a parallelogram)
= 180° — (180° — ZDCB) (angles in opposite segment)
— /DCB (A)

By the AA similarity test, ABCD is similar to ADFFE

(¢) From part (b),
BD CD
DE EF
BD x EF = CD x DE (shown)
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3. (a)
ZBDC = 90° (angles in a semicircle)

ZBFC =90° (angles in the same segment)

/ZBFA =180° — ZBFE (AFEC is a straight line)
= 180° — 90°
= 90° (angles on a straight line)

/BHA = /BFA =90° (angles in the same segment)

ZAHD =180° — ZBHA (BHED is a straight line)
= 180° — 90°
= 90° (angles on a straight line)

LAHD = /BDC = ZHDC (alternate angles)
.. CD is parallel to AH (shown)

/BHA =/BFA =90° (angles in the same segment)

.. Using angles in a semicircle, AB is the diameter of the circle (shown)

(¢) Since AB and BC' are tangential to the smaller and bigger circle respectively
ZABC = 90° (tangent is perpendicular to radius)
ZBFC =90° (part (a))
.. LABC = ZBFC (A)
/ZBCA = ZFCB (common angle) (A)
By the AA similar test, AABC is similar to ABFC

(d) From part (c),
BC _ AC
FC OB
BC?=CF x AC .....(1)

Since AABC is a right-triangle, by Pythagoras Theorem,
BC? = AC? — AB? .....(2)
Hence, let Equation (1) = Equation (2),

. AC? — AB? = CF x AC (shown)
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4. (a)
LZXQ = ZSRX (alternate segment theorem)

LZXQ=/ZQXR (XQ is the angle bisector of ZRX Z)
L ZQXR=Z4SRX
.SR = SX (base angles of an isosceles triangle)

(b) Let ZQXR =«
ZRSX =180° — 2z (angles in an isosceles triangle)
Y SQ = 180° — 2z (vertically opposite angles)

/ZRZX = Z/ZXR = 2x (base angles of the isosceles triangle)

S ZLRZX 4+ /Y SQ = 180° — 2z + 2x
= 180°
Using opposite angles are supplementary in a cyclic quadrilateral, Z, Y, S and @ can have a circle

drawn through (shown)
O
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12 Differentiation
12.1 Full Solutions

1. (a)
1
b VT (20) - [2@ - 41;)5(4)} (e20)
dr (\/1 — 436)2
e2 (2\/1 Az +2(1— 4x)—%)
- 1—dz
_2e*7(1 -4z +1)
(1 —42)V1 -4z
4€2*(1 — 2x)
= h
01— an)yig Chown)
O
(b) (1)
d
Y1 + 2sinx coszx
dz
=1+ sin2z
d
(ii) At stationary point, )
dz
1+4sin2z =0
sin2z = —1
a =sin"!(1)
= % (Quadrant 3 or 4)
(v+3)
x = "3
2
3T

37
Substitute z = i into the curve,

—3—7T—|—sin2 3m
Y= 4

_ 3r+2

_ (371' 37r+2>
"\4’ 4
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()

i xr — 2 2
vy= r—3

=2[In(z — 2) — In(z — 3)]

dy 1 1
So— =2 —
dx r—2 x-—3

_ 2
(2 -2)(z—3)
. . . dy
Since the graph is decreasing, e <0
2

— 0

“)@-3)
—-2)(x—3)>0
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2. (a)

d 1 2
7y (3 — 10z + ) €3I75z +1n 2
dz x

1
- (3 10z + ) 2gede—5"
X

— 235" (_10a% 4 3z + 1)

d
(b) At the stationary point, d—y =0,
x

2¢5775%" (~1022 + 32 +1) =0

2¢37757" — 0 (N.A)  or — 102243z 4+1=0
For the quadratic expression,

1022 +3z+1=0
(22 —1)(=5x—1)=0

(c)
dQ?J 3z —bax? 2 3z —5x>
5= [2 (3—10z)e } (=102 + 3z + 1) + (—20z + 3) (26 )
= 265775 [(3 = 10z) (—102? + 3z + 1) + (—20z + 3)]
d*y 3(1 1)2 1 1\° 1 1
—2¢3(3)=5(3)" |(3-10( = ~10(=) +3(=)+1)-20(=)+3
da?|,_, ~ 2 5) TP\2) " )"
= —17.976355... < 0
1 1\ . . .
. (2, e4> 1S a maximum point
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3. (a)
y_h€z+67x
dy . 2k d*y . 4k
el L ) ez = het
d*y dy
. 4k . 2%
. 8k
—7h6 +@
1
h=-1 k==
4

(b) Let the total surface area of ice block be A

A =21r% + 271 (2r)

= 6712
dr _dr  dA
dt  dA " dt
1 o dA
- (dA dt
dr
1
= —72
127y x (=72)
__ 6
- oar
Hence, when r = 5,
dri __6
dt|,_s T

6
.. The radius of the ice block decreases at o cm/s
iy
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4. (a)
222 + 2(22 + x)h = 2700

. 1350 — 2
- 3x

oh

V = 2z%h

1350 — 22
=92 == =
(25

2
= 900z — gacg (shown)

O
(c)
v _ 900 — 222
dx
When V is maximum, ﬂ =0,
dzx
900 — 222 =0
z? = 450

r=15vV2 (rej -ve)

d2
Z = —4x
dz =152
— 4 (15@)
=—60v2<0

Hence, V' is maximum

V = 900 (15x/§) -

= 9000v2 cm?

(15\@)3

Wl o
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5. (a) (1)

W = (30) (-2 + () 3)

=3e % (—2x + 1)

(ii)
d*y 2 2
T2 3e 7 (=2) + (=22 + 1) (3e77%) (-2)
= —6e"27(2 — 22)
=12 % (z — 1)
d*y | dy
2z
p= 29
P=e (dx2+dm y)
= e [(121’6729: — 126729:) + (36721 — 6xe*2x) -2 (Sxe*%)]
=12z — 12+ 3 — 62 — 6z
=-9
(b) ()
<1 - cosx)
y=In{———
sinx
=In(1 — cosz) — In(sin z)
@ _ _sinz  cosz
de 1—cosxz sinx
_ sin®z — cosz(1 — cos z)
sinz(1 — cosx)
_ sin?  — cosx 4 cos?
sinz(1 — cosx)
_ 1 —cosz
~ sinz(1 — cosx)
1
~ sinz
= cscz (shown)
O
(ii)
dy _, (dx
dt dt
dy _ (dy (do
dt — \dz ) \ dt
() _ () (4
o \dt ) \dx) \ dt
dy
=2
dx
cscr =2
1
sine = 7
Fiy
r = — rad
6
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13 Integration

13.1 Full Solutions
1.

Since f'(0) = —1,

Since f(0) = 2,

93z + 1)1
26223 +
(=1)(3)
3
2x
= 2e ] +c
f(0) = -1
2-3+c=-1
c=0
3
! _2 2x

3
= [2* - ——d
@) /e 3z +1 v
=e? —In(3x+1)+d

1-In(1)+d=2
d=1

fz)=e** —In(8xz + 1) + 1
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2. (a) At A,z =3

9]
Wl
8

3e
<
8
c\'IQ

9]
Wl
—
w
=

\
Wl W~ Wl

@

When x = 3,

y:e%(3)+2
=2+4e

LA(3,24€)

Hence, the equation of the tangent is:

y—(2—|—e):%e(m—3)

1
y=gex + 2
. B(0,2)

Hence,

3
1 1
Area under the graph = / e3” + 2 dx — 5(2 +2+¢€)(3)
0

53
1z
- 2] — Z(e+4
[363 + x}o 2(€+ )
— [3e3® 4 2(3)] - [3e5@ 1 20)] - %e— 6

(b) When z =0,

Gradient of the tangent when x = 0,

Gradient of normal = —3

S y—3=-3(zx—-0)

y=-—-3x+3
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1
y=A— Bcosdr — isin%?

2
d—y:4Bsin4x—c052m y

. oz = 16B cos4x + 2sin 2z
» T

2y
1
—|—4y— 16B cos4x 4+ 2sin2x +4 | A — Bcosdx — astx

&Y o~
= 12Bcosdx +4A
Hence, comparing coefficients,
1 1
A=- B = —
4 4
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5. (a) At P,y=0,

At Q, x =0,

At P, x = -2,

dy (z—-1)(2)— (2z+4)(1)

dr (x —1)2
2z —2-2zx—4
(-1
6
(z—1)

.. Gradient of normal = g

Hence, the equation of the normal is

3
3
y=—-x+3 ... (2)
2
.. R(0,3)
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To find S, let Equation (1) = Equation (2),

2c+4 3
—x
2

r—1

322 — 324+ 6x—6—4x—8=0
322 —z—14=0
3z —7)(z+2)=0

SoT= g or z=-2(N.A)

7
Substitute x = 3 into Equation (2),

+3
dx+8=(3x+6)(zr—1)

(¢) We first breakdown the equation of the curve using long division (or any appropriate methods)

2x+472+ 6
x—1 r—1

1 1 1 3204+ 4
. Shaded region = = (346> ) (2= +/ T
2 2 3 b1 T

1
3

1 3 6
— 11— 2 d
12+A§ e

1 3
= Hﬁ + 2z 4+ 6In(x — 1)]2%

= 14.849457...
= 14.8 units® (3.s.f.)

-1
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14 Differentiation & Integration
14.1 Full Solutions

1. (a)
i(taun?’gc) :3tan2;v(sec2 x)
dx
:3(sec2x—1) (sec2 :v)
= 3sec* x — 3sec’ z (shown)
O
(b)
i 4 2 I 4 2 i 2
sec*x —2sec“x dr = = 3sec” x — 3sec’ x dax — sec” x dx
0 3 Jo 0
1 4 e
=3 [tan® x] s — [tanz]g
1
=—-[1-0]-[1-0
S[1—0—[1-0
B 2
3
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2. (a)
223 — 2022 — 172 — 10 _ 223 — 2022 — 172 — 10
(22 —4)(222+1) (2 —2)(z+2) (222 +1)
A . B +C’x+D
-2 x+2  222+1
o228 =202 — 172 — 10 = A(x + 2) (22> + 1) + B(z — 2) (22> + 1) + (Cz + D)(z — 2)(z + 2)
Let x = 2,
2(2)* —20(2)> —17(2) — 10 = A(2+2) (2(2)* + 1)
A=-3
Let z = —2,
2(—2)% —20(-2)* —17(-2) — 10 = B(—2—2) (2(-2)* + 1)
B=2
Let z =0,
2(0)® —20(0)* — 17(0) — 10 = —3(0+2) (2(0)* + 1) +2(0 — 2) (2(0)* + 1) + D(0 — 2)(0 + 2)
D=0
Let z =1,
2(1)> = 20(1)* = 17(1) = 10 = =3(1 +2) (2(1)* + 1) +2(1 — 2) (2(1)* + 1) + C(1 — 2)(1 + 2)
C=4
2a% — 2022 — 172 — 10 3 4 2 4 4x
(x2 —4)(222+1) -2 =x+2 22241
) d 4
R 2 P L
In [ln (235 + 1)] = 92 1
(c)
/2x3—20x2—17x—10d _/_ 3 n 2 n 4x d
@22+ ) i 2T a2 T w1 ™
:—31n(a:—2)+2ln(m+2)+1n(2w2+1)+c
3. (a)
y=(x+3)v2zr—3
dy 1 _1
%:\/2x73+5(2x73) 2(2)(z +3)
:1/21'734».%74-3
2¢—3
_2r-3+x+3
V2zxr—3
B 3x
B V2x — 3
(b)
/ T d 1/ 3x d
r = — X
V2zr—3 3J) V2x -3
1
:g(a}+3)\/2m—3+c
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4.
f"(x) = 24sin4z — 12 cos 4x
f(x) :/24sin4x—12cos2x dx
_ —24cosdr  12sin2z
N 4 2
= —6cosdr — 6sin2x + ¢
Let ’(E) -0,
et f 1
—6 cos [4 (g)} — 6sin {2 (%)} +c¢=0
6—6+c=0
c=0
. f(x) = —6cosdx — 6sin 2z
f(z) = /—6cos4x—65in2m dx
_ —6sindx n 6 cos 2x d
N 4 2
3
:—isin4:v—|—3cos2x+d
T
Let (f) —1
et f 1
T
—3 sin {4 (7)} + 3 cos [ (7)} +d=1
c=1
f(z) = —Zsindx + 3cos2z + 1
Hence,

3
" (x) +4f(x) = 24sindx — 12 cos 2x + 4 -5 sindx + 3cos 2x + 1

= 24sin4x — 12cos2x — 6sindx + 12 cos 2z + 4
= 18sin4x + 4

k=18 p=4 qg=4
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15 Kinematics

15.1 Full Solutions
1. (a)

Initially, ¢t = 0,

(b) For allt >0

27 3t+1

YTty 2

_dv
Todt
___ 8 3
o (Bt+1)3 2
g __ 31 3
O (30)+1)3 2
1 2
= 82—
2rn/s
dv 81 3

T2 20
i~ (Btrip 2 °

.. Velocity is decreasing

(c) We shall first test for any instantaneous rest, v = 0

21 3t+1
23t +1)2 2
(3t+1)% =27
3t+1=3
2
3

27 3t+1
- - dt
s / 2(3t+ 12 2

27 3 1
t+ 1) 2t — 2 dt
/ (3+1)2 = St

5
27 [(Bt+1)71] 3, 1
=L D2y
2[<3><—1>} TR R
9 3, 1
= —t“—=t+c

C23t+1) 4 2
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When t =0, s =0,

2
When t = -
en 3
When t = 6,
Hence,

Total distance travelled

.. Average speed =

=5

—21+21+2514
73 ' 73 19

= 30—
o7

23
30—
(5)

6

.067251...

=5.07 m/s (3.s.f.)
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2. (a) Whent =0,

v=10e20 3
=7m/s

v=10e"% -3

A
S dt
= —20e

When t =1,

a = —20e” 2D
= —2.706705...
= —2.71 m/s* (3.s.f.)

(c) At instantaneous rest, v = 0,

10e72t-3=0

1 3
t=—-ln|—
2 <10>
= 0.601986...
=0.602 s (3.s.f.)

2
= 1.694040...
=1.69 m (3.s.f.)

_1 1n(i)
10 2 10
= |:—€_2t — 3t]

(e) Note that 10e~% > 0
..v > —3 (shown)
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3. (a) At A, v =0,
260.1t _ 660.1—0.4t =0

01t _ 3,0.1-0.4¢
p0-1t—(0.1-0.4t) _ g

Q05101 _ 3

1
t=2In3+ 5 (shown)

v = 260.1t _ 6@0'170‘4)5

_dv
ot
— 0-260.1t + 2.460'1_0'4t

a

1
Hence, when t = 21n3 + 3

a = 0.2¢01(21n3+3) + 9 40-1-0.4(21n3+3)
= 1.270896...
=1.27 m/s® (3.s.f.)

v = 260.125 _ 660.170.4t

5 — /280.“ _ 0104t gy
— 20601t 4 15601704t 4 .

When t =0, s =0,
0= 20e°1© 4 1501 70-4) 4 ¢
c=—(20+ 15¢"")

o5 =200 + 1501704 — (20 + 15¢°1)

1
Hence, when t = 2In3 + 5

s = 90e0-1(2In3+3) + 15¢0-1-04(2In3+3) _ (20 + 1560.1)

= 4.805154...
=4.81 m (3.s.f.)

(d) When t =5,
s = 20e01%) 4 15017040) — (20 + 15¢*)
=—1.36 m
When t = 6,
s = 20601(6) + 1560.1—0.4(6) _ (20 + 1560.1)
=137m

Since the displacement changes from negative to positive, it passes through O during the 6th second
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4. (a) At instantaneous rest, v = 0,

(b)
v=2t>—8t+6

LD

o dt
=4t — 38

At minimum velocity, % =0

4. —-8=0
t=2

. Minimum velocity = 2(2)? — 8(2) + 6

=—2m/s
.. Particle is moving in the opposite direction
(c)
v=2t>—8t+6
s= [ 26> —8t+6 dt
t3 t2
(5)-3(5) roeee
Att=2s=1,
8 4
1-2(3) —8(2> +6(2)+c
1
c=—=
3
2
s=—-t> —4t* + 6t — =
When t =0,
1
§— ——
3
When t =1,
§s=2-
When t = 2,
1
§=—=
3
When t = 5,
s=13
1 1 1
—F+2-x2 |4+ x2)+13
3 3 3
Average speed = 3
11
=3— m/s
15 /
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