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1 Quadratic Equations & Inequalities

1.1 Full Solutions
1. (a) When k = —20 and given that y < 0,
27 — 67 — 20 < 0
2?—3x—-10<0
(x=5)(z+2)<0
—2< <5
(b) When k = 10,

Let Equation (1) = Equation (2),
20° — 6z + 1042z =8

262 — 4z +2=0
22 —2r4+1=0

To show that the line is tangential to the curve, WTS: b? — 4ac = 0

b —dac = (—2)% —4(1)(1)
=0 (shown)

1
2. (a) Since the solutions are 71<%< 1 respectively

4z —1)(z—1)=0
422 — 52 +1=0
422 +52—-1=0

(b) Since the curve lies completely below the line y = 1 — 4z,

42 +5r—1<1—4x
422 =92+ 2> 0
(4z —1)(z—2) >0

1

e < or x> 2

|
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3. (a)
pr’ +8x+p>6
pr®+ 8z + (p—6) >0
Since the curve is strictly above the z-axis, b? — 4ac < 0

(8)2 —4(p)(p —6) <0
—4p® +24p +64 < 0
p? —6p—16 >0
(p+2)(p—8)>0

p< =2 p>8
Since the curve is strictly above the z-axis, p > 0

S.p>8

Let Equation (1) = Equation (2),
(¢+1D)z* +qz—1+qr=gq
(g+1)a*+2qz+ (—¢—1)=0
To show that the line will intersect the curve at 2 distinct points, WTS: b? — 4ac > 0
b® —dac = (29)° — 4(q +1)(—¢ - 1)
=4q* +4(q + 1)*
Since 4¢*> > 0 and 4(¢ 4+ 1)* > 0

-.b* —4ac > 0 (shown)

4. (a) Since pz? + qx + 2q is always negative, b> — 4ac < 0 and p < 0
(0)* = 4(p)(2¢) <0
¢ —8pg <0
q(g —8p) <0

.p<0 & 8p<g<O

(b) Any value of p and ¢ as long as
e p and ¢ are negative
e 8p<q
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5. (a)

Take Equation (1) = Equation (2),

262 + 524+ 8 = mz + ¢
202 + (5—m)zr +(8—¢) =0

Given that the line does not intersect the curve, b* — 4ac < 0

(5-m)? —4(2)(8—¢c) <0
25 —10m +m?* — 64 + 8¢ < 0
m? — 10m — 39 + 8¢ < 0 (shown)

(b) Given that the solution set is —5 < m < 15
(m +5)(m — 15) = m? — 10m — 75
Comparing coefficients,
—75= -39+ 8¢

1
c=—4—
2
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2 Surds
2.1 Full Solutions
1. (a)
Cross-sectional area = 7 (43 — 1)2 ~n(3v3- 1)2
= (48-8V3+1) — 7 (27-6V3+1)
(21 - 2v3) 7 em?

Volume = (521\/3 _ 108) w
7r (21 - 2\/5) (c n d\/§) - (521\/3 . 108) 7r
)

(521v/3 — 108) 7
(c+av3) (21 —2v3) 7

521 —108v3 L2 +2v3
21 — 23 21 +2V3
10941v/3 + 3126 — 2268 + 216+/3
(21 — 2v/3) (21 + 2V/3)
10725v/3 + 858
429
(25\/§ + 2) cm
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2. (a)

Area =1

)
)

9+ \f+18>

ff %\w

(%
(%
(
9+62f)

(b) Let the height be h
Surface Area =7 (20\/5 + 10)
w<3+¢§>h:w(20ﬁ+10)
V6
(\/6+2x/§) h = 20v/2 + 10

20\f+10 V6 —24/3
T Votr2v3  Vo-2v3
20v/12 — 40v/6 + 10v/6 — 203
6— 12
20v/3 — 30v/6
—6

(5\/_—1;\/5) cm
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/ _2V3  3+4V3
a+b\/§_3_\/§x3+\/§
6v/3 +2(3)

6
=v3+1

a+bV/3= (\/§+1)2

=3+2V3+1
=4+2V3

CM =+/122 — 62
= /108
=6v3 cm

. Time taken = 6v/3 = %

_ V3 6433
6-3vV3 6+3V3
144+/3 + 216
(6 — 3v/3) (6 +3V/3)

144+/3 + 216
9

= (16\/5 + 24) seconds

Comparing coefficients

Updated: April 29, 2022 Page 8 © Kaiwen



4049 Additional Mathematics March Practice Questions 2022

5. (a)
152k % 94k % 56k
LHS = ok
32k x 52k X 38k X 56k
32k
_ 38k % 58k:

= 15%

.m =15

:2*/2\/5X\/M
=2V10
k=10

(¢) (i) Let the intersection between the two diagonals be M. By Pythagoras’ Theorem,
PQ? = PM? + QM?>

PQ? = (; (4+2\/§))2+ (1 (6+j§>)2
(2+\f <3+)
— 4 AVE 1319t 2y %

V3
52
:?4—8\/5

Area of APQR=-x PRx QS

-5 (1+243) (0+ )
<24++12f+8)
<32+52f>

13f> .
3 cm

[0 4]
_|_

N »Jk\i—‘ »-lk\r—l Ak\»—wp\w

Updated: April 29, 2022 Page 9 © Kaiwen



4049 Additional Mathematics March Practice Questions 2022

3 Polynomials

3.1 Full Solutions

1. (a)
2?42 -3 =(x+3)(x—1)

Let f(1) =0

(1)* 4+ 6(1)® +2a(1)* + b(1) — 3(a) =0

Let f(—3) =0

(—=3)* +6(—3)% + 2a(—3)? + b(—3) — 3(a) =0
15a — 3b = 81

Take Equation (1) + Equation (2),

(b—a)+ (ba—b) =-T7+27
4a = 20

a=2>5

Substitute a = 5 into Equation (1),

f(z) = 2* + 62 +102% — 22 — 15
:(x2—|—2x—3) (x2—|—cx+5)

Comparing zcoefficients,

—3+2¢c+5=10
2c=28
c=4

o f(@) = (2% + 22 — 3) (2 4 4o + 5)
= (z+3)(z — 1)(z® + 4z + 5)

For 2% + 4z + 5,

b? — dac = (4)* — 4(1)(5)
=-4<0

Since the discriminant < 0, 22 + 42 + 5 has no real roots

. Number of real roots is 2
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2. Let x = =2,

(—2)% —4(-2)2 —8(-2)+8=0

o (x4 2) is a factor of f(x)

f(x) = (z +2)(@® + ca + 4)
Comparing z? coefficients,

24c=-4
c=—6
L f@) =@ +2)(2* —6x+4)=0
For 22 — 6z + 4,

I E Y G )
2(1)

6420
2

_6+£2V5
2

=3+5

T =2 z=3+V5
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3. (a) Let f(1) =0,

31 +a(1)* +b(1) +2=0
a+b=-5

1@ = (23) -1
3(2)° + a(2)” + b(2) + 2 = (2;) [3(~1)" + a(=1)2 + b(~1) +2]
26 + da + 2b — (22) [~1+a—b
1 1 1
15a+45b=—28- ....(2)

2 2
3b=-21
=7
Substitute b = —7 into Equation (1),
a=-5—(=T)

=2
Sa=2 b= —7 (shown)
(b) Let ¢ be a constant

fx) =323 +22% — 72+ 2
= (z—1)(32% + cx — 2)

Compare coeflicients,

Since f(z) =0
(x—1)(32% + 52 —2) =0
(z—1)Bzx—-1)(z+2)=0

x=1 or x= or xx = —2

1
3

Updated: April 29, 2022 Page 12

© Kaiwen



4049 Additional Mathematics March Practice Questions 2022

(c)
3sin?y — 2secy — 2cosy +4 =0

3 (1 —coszy) —

—2cosy+4=0
cosy

3cosy —3cos®y —2—2cos’y +4cosy =0
3cos®y +2cos’y — Tcosy +2=0

Comparing the 2 equations,
T = cosy

cosy =1 or cosy = é or cosy = —2 (N.A))
For cosy =1
a=0 (Quadrant 1 or 4)
y=0° or y=2360°
For cosy = 1

1
o =cos ! (3) (Quadrant 1 or 4)

1
R By
Yy = COos (3)

=170.5° (1.d.p.)

1
=360° —cos™ " ( =
Y Ccos (3)

= 289.5° (1.d.p.)

y = 0° y = 70.5° y = 289.5° y = 360°

flx)y=2(7T"2) + 7"+ 3 (7"
=2(49) (7") + 7" +21(7")
=120 (7")
=10(12) (7")

Since 10 is a factor of f(x), Billy’s comment is correct
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5. (a) By long division
Qz)=2x%>—x —3

(b)
f(z) =22 + 523 — 82 — 8z + 3
= (x2+3m—1) (23:2—30—3)
= (2> +3z—1) 2z — 3)(z + 1)
(c) By observation

32p* + 40p® — 32p%* —16p+3=0
2(2p)* +5(2p)° —8(2p)*> — 8(2p) +3 =0

r=2p

(2p)* +3(2p) =1=0  or  (2(2p) =3)((2p) +1) =0
4p° +6p—1=0 or (4p—3)2p+1)=0

For the quadratic factor

. —6+/(6)> —4(4)(-1)

2(4)
_ -3+ V13

For the linear factors
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4 Partial Fractions

4.1 Full Solutions

1. (a)
P(x) 323 —92% — 18z + 24

Q(z) z? =9
By long division,
P(x) 9x — 57
=3z—-9
Q) T ey
Hence,
92 —-57 A . B
2-9 x-3 x+3
9z — 57 = A(x +3) + B(z — 3)
Let z = 3,
9(3) — 57 =64
A=5
Let z = -3,

3zt — 922 — 182 +24=0
22— 322 —624+8=0
(x+2)(x—4)(z—-1)=0

= —2 or =4 or z=1

(ii) By comparing the equations
z =logy \/y

log, /Yy = —2 log, /Yy =4 log, /y =1
\/§:2—2 \/27224 VY =2

y:2_4 y:28 ’y:22
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2.
4 A +B:c+C
(22 4+4)(x—2) x—-2 22+4
4=A(2"+4)+ (Bx+C)(z—2)
Let © = 2,
4=_8A
1
A=<=
2
Let z =0,
1
4=4(-)-2C
(2)
C=-1
Let x =1,
1
4=5-)—-(B-1
(3)-&-v
B=-1
2
4 1 x+ 2

@2+ (2—2)  20x-—2) 2(2+4)

3. By Long Division,

223 — 3z — 1 9 A4 11z — 13
Y, VO et
(x+3)(z—1) (x+3)(z—1)
Hence,
Hz—-13 A n B
(x+3)(z—1) z+3 =x-1
1l —13=A(z— 1)+ B(z + 3)
Let z =1,
11(1) — 13 =4B
__1
2
Let x = —3,

23
A=3
) 223 — 3 — 1 2w 44 23 _ 1
(x+3)(z—-1) 2(x+3) 2(x-—1)
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4.
8z —2x+19 A +Bx+C’
(1—2)d+22) 1—-2 4+22
82° =224+ 19=A(4+2%) + (Bz + C)(1 — z)

Let z =1,
8(1)2 —2(1) +19 =54
A=5

Let x =0,

C=-1
Comparing coefficient of 2 terms,
8=5—-0B
B=-3
8x2 — 22 + 19 5 3z +1

(1—2)(4+22) 1—=z 4+a2

5. (a) By factor theorem and long division
f@) = (xz = 3)*(2x + 1)

(b) By Long Division,

6x3—33x2+35x+51_ n 24 —x
203 — 1122 +122+9 = (z—3)2(2z + 1)
Hence,
24 —x A B C
= + +
(x—=3)2(2x+1) 22+1 x-3 (xr—3)2
—2+24=A(x—3)2+ Bz —3)2z+ 1)+ C(2x + 1)
Let x = 3,
—(3)+24=7C
C=3
1
Let x = —=
et x 5
1 49
- —-= 24=—A
(73) 21
A =
Let z =0,
24=9(2)—-3B+3
B=-1
6x3 — 3322 + 35z + 51 2 1 3
53 5 =3+ - +
223 — 1122 + 122+ 9 2c+1 -3 (xz—3)2
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5 Binomial Theorem

5.1 Full Solutions
1. (a)

Tpi1 = <1r0> (x2)107”” (_2;3>r

For the independent term of z, 2°

20-5r=20
r=4
Hence,
4
Independent term of x = <10> (1>
4 2
1
=13—
8
(b) (i) (a)
(2 —3z)" = 128 — 1344x + 604822 + ...
(b)

(1+§)7:1+§m+§m2+...

(o) o= (e T

7T
= (128 — 1344z + 6048z> + ...) (1 +3T+ §x2 + )

et {128 (;) — 1134 (;) + 6048} %+ .

2
= ... +3210§x2 + ...

2
Coefficient of 2% = 3210§
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2. (a)
LHS = (1 + az + ba?)"
— 154 G) (17) (az + ba?) + @) (19) (az + b2)” + ...

=1+8 (ax + b:cz) + 28 (azx2 + ) + ...
=1+ 8ax + 8bx? + 28a%x? + ...

Comparing terms

—40 = 8a

a= -5

8b + 28(—5)% = 748
b=6

Hence,

4
1
Independent term of x = (146> (—)

3
=113
4
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(©) ()

Trg1 = (2) ()" (I;/)T

) )

Il
7N\
=3 ©

For x term,
9-2r=1
r=4
For 3 term,
9—2r=3
r=3
Since the coefficients are the same,
9 4 _ (9 3
(D w=(5)w
2
k=—
3
(i)
k\° 9 2\* (9 2\*
_ 372 MY (19,2 6 % 5 4
(1—327) (:Jc+ x) (1-32%) |...+ <3) (z) (33:) + <4> (z) (3x> + ...
224 224

Hence,

Coefficient of 2% = (1) (234> +(=3) <2§4>

7
= —49-
9
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(1+a)® =1+ 8a + 28a* + 56a® + ...

(1+x+x2)8:1+8(x+x2)+28(9c+x2)2+56(w+x2)3+...
=1+8z+8z"+28(a” +22° +...) +56 (z° +...)
=14 8z + 3622 4+ 112z + ...

(iii) By comparing
(1+z+2%)° 101018

we can see that
z = 0.01

Hence,

1.0101% = 1+ 8(0.01) + 36(0.01)% + 112(0.01)® + ...
=1.083712 (6.d.p.)

o (#) s (2)
= () o (-2

= ()o@

r

(i)

. Power of x =12 — 3r

iii) For the z° term
( ) )
12—-3r =5

r:§¢z+ =<

Since 7 is not an integer, there is no z° term
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4. (a)

3z —1)(1 — kz)” = (32 — 1) [(1)7 + @ (1)8(—kz) + @ (1)°(—k2)* + ...
= (3z — 1) (1 — Tha + 21k%2” + ...)
Since there is no 2 term,

—T7k(3) + (21k%) (-1) =0
—21k(1+k) =0

k=0 (N.A) or k=-1

Tpyy = <1r2> (53)12_7« ()"
-

Since we are looking for the power of x first becomes positive,

5r — 36 > 0
r>"7.2
~8

12 _
T = (8) (24) (_1)83340 36
= 7920z*
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5. (a)

For the z'° term,

T = (7) @ (-2’

= () e
2 =10

5
= —48384

Cocfficient — (8> (355 (=2)°

(1+32)™ =1+ (”f) (1)1 (32) + (’;) (1) 2(32)2 + ...

Since the difference is 462,

9m(m — 1
:1+3mx+%x2+...
1

L(’Z ) 3m = 462

9m? —15m — 924 =0
3m? —5m — 308 =0
(3m +28)(m — 11) = 0

som = —— (rej.) or
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6 Exponential & Logarithms

6.1 Full Solutions
1. (a) When t =0,

P =300 (2+5¢+0)

= 300(2 + 5)
= 2100

(b) When t = 3, P = 2400

2400 = 300 (2 + 5¢ ")

6 = 5e 3k
6
-3k _ 9
© 75
1 6
k=—=In{-
3 (5)
= —0.0607738...

— —0.0608 (3.s.f.)

(¢c) When t =5,

i (5)
*h’l _
P=300|2+53 \D

= 2632.637... > 1000

Not necessary to replenish

2. (a) When Py = 20000, P, = 22497.28, t = 3
9249728 = 20000 (1 4+ )’
28 = ( + r.o)

14 ") = 1124864
(+ﬁ) =1

r
1+4—=1.04
+100 0

r=4

(b) Since Mandy wants to double the principal amount,

4 n
1+—) =2
<+100>

1.04" =2
lg2
" T 1g1.04
= 17.672987...

=17.7 years (3.s.f.)
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3. (a)

logs 2 x log, 3 x logs 4 x ...

Let u = 67

Hence,

2 63 et

1 === x =
X 108ny1 T lg3xlg4xlg5

B Ig 2
Clg(n+1)

6u—2 _5—0
u

6u’> —5u—6=0
Bu+2)(2u—3)=0

or u=—= (rej)

lg6
= 0.226294...
= 0.226 (3.s.f.)

Ign

lg(n+1)
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4. (a)
2logy(1 — ) —logy x — 2 = logy 2z + 1
1— 2
log, {(:c} —logy 22z =3
x
(1-=)*
1 — T | =3
082 o0
M — 93
212
1 — 2z + 2% = 1622
152+ 22 —1=0
(br—1)Bz+1)=0
! I
= or T=-3 (rej.)
(b)
log. )3
(log, ¥)° o) _ ¢
log, x
1 3
Uog, y)° _ o)
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5. (a)

Let u = log; z,

3logsx —log, 3 =2

1
31 — =2
083 ¥ logs

1
3u—— =2
u
3u? —2u—1=0

(u—1)(Bu+1)=0

1 1
u= or u=——
3

loggx =1 or logs x = -3
r=3 or r=3"3

2logy (1 — 2x) — log,(6 — 52) =0
log, (1 — 22)? = log, (6 — 5z)
(1—22)%=6— bz
1—da+42> — 6452 =0
42° +2—-5=0
(z—1)(4x+5)=0

sox=1 (rej) or r=——

Updated: April 29, 2022

Page 27 © Kaiwen



4049 Additional Mathematics March Practice Questions 2022

7 Trigonometry

7.1 Full Solutions
1. (a) (i)
LHS = sin(A + B)sin(A — B)
= (sin A cos B + cos Asin B) (sin A cos B — cos A sin B)
= sin® A cos? B — cos? Asin® B
=sin® A (1 — sin® B) —sin’ B (1 — sin? A)
= sin? A — sin? Asin® B — sin® B + sin? Asin® B
=sin? A —sin? B
= RHS (shown)

() () - G D)
S 12 Sin 12 = sin 3 1 Sin 3 1
. ™

LHS — sech.Jr2tanx
1+ 2sinxzcosx

1 2sinx
53—+
cos? x cos T

1+ 2sinzcosz
1+ 2sinzcosx
( cos? x >
1+ 2sinzcosx
1
cos? x
=sec’z

= RHS (shown)

(ii) Comparing part (b)(i) and (b)(ii),

sec2 (Jf -

I
H_

wl wlx
N—
I
ol i
&

(o)) (I —

By solving this,

o3
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(a) Draw a line as shown and let the new points be O and M

A 0 Wall
~{ 0
09m
B D LM
19m
1}
In AODA,
. oD
sm@ = E
OD =1.9sin6
In ACDM,
o DM
cosf = el
DM =0.9cos0
. L=0D+ DM

=1.9sin6 + 0.9cos 6 (shown)

R= /(1.9 + (0.9)
=14.42

a=tan"! <09>
1.9

= 25.346175...
=25.3° (L.d.p.)

. L =+/4.42sin (6 + 25.3°)
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(¢) At maximum L,

L =+v4.42
= 2.102379...

=2.10 m (3.s.f.)
This occurs when

sin (6 + 25.346°) = 1

0.9
.0 =90°—tan"! (1)

= 64.653824...
— 64.7° (1.d.p.)
(d) When L = 1.3 m,

1.3 = v4.425sin [9 + tan~! ((1)9)]

0.9 1.3
6 + tan (> = sin~* () (Quadrant 1)
1.9 V442

0 =sin"! <1'3 ) —tan~! <09)
o v4.42 1.9
= 12.849339...

=12.8° (1.d.p.)
3. (a)

(b) When it first emerge from the water, h = 0,

T
sin 10 +3=0

sin (lt) = 3
10/ 4

Since we are looking for the point where it first emerges from the water, 2nd quadrant

3
10(m—sin' =
t:
iy
= 7.300534...
=7.30 s (3.s.f.)

Updated: April 29, 2022

Page 30 © Kaiwen



4049 Additional Mathematics March Practice Questions 2022

4. (a)
360°
/BOC = 5012)
= 15°
. BC
Sin ZBOC = %
BC =sin15°

.. AB = 2sin15° (shown)

O
(b) ()
cos30° =1 — 2sin? 15°
(ii)
28in215° = 1 — ?
sin215° = 2 v3
4
1
sin15° = 3 2 — /3 (shown)
O

Updated: April 29, 2022 Page 31 © Kaiwen



4049 Additional Mathematics March Practice Questions 2022

5. (a)
Ly ™
Principal values = —— < . < —
2 2
(b) Given the ratio,
sin A ‘ cos A ‘ tan A
p 1
—F— —-Pp
p?+1 VpE+1
(i)
sinA = — P
p?+1
(ii)
1
A =
See cos A
B 1
B 1
p*+1
= 1 /p2 +1
(iii)
1
t(—A)° =
cot(=4) tan(—A)
_ 1
- tanA
- 1
(=p)
B 1
p
(iv)
tan(90 — A)° =cot A
1
~ tan A
1
(—p)
B 1
b
(c) When z = —%, y=—4

From the graph, to find n, we are in quadrant 4. Hence, at (n,2),

2=—-14+3tan3n

5

3n:£ or 3n:Zﬂ-
57
n=—
12
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(iii) Given the ratio

sin(A + B) = sin A cos B + cos Asin B

56 4

6 = sin Acos B + 3
] 36
c.sinAcosB=—

sin A
tanA  \cosA

tanB ~ [sinB
cos B

sin A cos B

sin B cos A

(&)

(4
13

o —

sin(A + B) | cos(A + B) | tan(A + B)
56 3 E
65 65 56
33
s.cos(A+ B)=——
65
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(i)
R=+/(3)*+(1)?
=10

1
—tan~ ! [ =
o = tan (3)

=0.32175...
—0.321 (3.s.f)

. 3sin6 + cos# = V10sin (0 + 0.322)

(ii) Hence, to solve the equation,

V10sin {Qy + tan~! (;)] =2

sin {2y+tan1 <1)] = 2
3 V10

o =sin"! (\/217)> (Quadrant 1 & 2)

e () ()

= 0.181484...
= 0.181 rad (3.s.f.)

For Quadrant 1,

For Quadrant 2,

= 1.067561...
= 1.07 rad (3.s.f.)

(iii)

Greatest value

—V/10+5
54 /10
15
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8 Coordinate Geometry

8.1 Full Solutions

1. (a) Since S is on a point on the y-axis let S be (0,y), using the length of PS,

V(=2-0)2+ (1 -y)% =2V10
4412y +y? =140
y?—2y—35=0
(y—7(y+5) =0

y =7 (rej) or y=—5b

..5(0,—5)
(b)
: 1—(-5)
Gradient of PS = ————=
radient o 0
=-3
Since PS is perpendicular to PQ,
. -1
Gradient of PQ = ﬁ
_1
-3
Hence, the equation of PQ is,
1 1( +2)
1= (x
Y 3
3y=x+5

Hence, substituting Q(2¢ + 1, q),

3¢g=(2¢+1)+5
q=6

(¢) Using ¢ = 6,

Length of PQ = /(13 +2)2 + (6 — 1)2
= v/250 units

Hence, to find the area of rectangle PQRS,

Area = v250 x 2v/10

= 100 units?
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2. (a)
4— (-1
Gradient Of AC = ﬁ
=-1
Midpoint of AC = (_1; 4, 4;1)

-6

Note that BD and AC share the same mid-point due to the properties of a parallelogram. Also
note that AC' is perpendicular to BD

(-3)
Gradient of BD = VAREEDN
(»-3)

3 3
2 p=6-2
9 P 2

p =6 (shown)
O

3
(b) Since we note that the midpoint of BD is >, they have the same x and y coordinate, just

272
like point B. Hence, we can make an inference that D will have the same properties. Also note
that the equation of line BD is

y=u
Let D(a,a). Comparing coordinates,
at+6 3
2 2
a=-3
Hence,
- D(—3,—3)

3 4 6 -1 =3

1]—
Area of parallelogram ABCD = 5123 -1 6 4 -—3

1
= —154+36
5 154+ 36

= 45 units?
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3. (a) (i)
Midpoint of AD = <73 M)
2 2
:(276)
84
Gradient of AD =
radient o 7377
__2
5

Hence, the equation of the perpendicular bisector of AD is

5
y—6:§(x—2)
5 1

= -z

Y=3

To check if F' lies on the perpendicular bisector, we shall substitute the coordinates of F' into
the equation of the line. When z = —4,

Since the x and y coordinates match with F', the line passes through F

(i)

AADEF is an isosceles triangle

1 1
5(-35.2;)
3° 3

Area of ABCD  base x hy
Area of AADF — L(base)(h2)

(b) By inspection,

(c) Note that

5(ha)
1

3(3)

.

-3

Hence,
2
Area of ABCD = 3 x 87
= 58 units?
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4. (a)

Using the equation of AB,

y+2x =18

Substitute Equation (2) into Equation (1),

36 — 122 + 22 + [6 — (18 — 22)]° = 20
36 — 12z + 2 + 42? — 48z + 144 = 20
52% — 60z + 160 = 0
(r—8)(x—4)=0

=4 or rz=28
y =10 or y=2
(4,10) or (8,2) (N.A)

Hence,
A(6,6) B(4,10) C(0,10)

10 — 10
dient of BC =
Gradient of BC' 10
=0
S.y=10
(b)
Midpoint of BC — (M, 10+ 6>
2 2
- (37 8)
()
Shown from part (a)
(d)

110 3 4 0 O

Area of parallelogram ABCD = 500 8 10 10 0

1
— |70 — 32
317032

= 19 units?
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5. (a)
Gradient of AB = 2

1
.. Gradient of [; = -5

Hence, substituting P(2, 3),

1
y—3= —§($ —2)
1
Yy=——x + 4
(b) Substitute = 4 into the equation of Iy,
1
= (4)+4
y=-—5@)+

Hence, (4,2) is a point of the line (shown)

(c) Let the coordinates be D(z,y)

4 2
Midpoint of AB = < —;—x, -;—y) =(2,3)

Hence,
..D(0,4)

Length of OP = /(4 — 2)2 4 (2 — 3)2
=V5

Ve =22+ (y—32=V5....(1)

Since A lies on the line y + 1 = 2z,

Substitute Equation (2) into Equation (1),
Vie=22+25-1-32=+5
2? —da+4+42% — 162+ 16 =5

522 — 20z +15=0
(x=3)(z—-1)=0

r=3 or x =1 (rej)

Substitute z = 3 into Equation (2),

y=2(3)—1
=5
- A(8,5)
(e)
113 0 0 4 3
Area of parallelogram ABC'D = 505 4 -1 2 5
1
=-[32-2
122
= 15 units?
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9 Further Coordinate Geometry

9.1 Full Solutions
1. (a) Let the centre be C(—1,b)

D

|
fwpl
NIt

o>~
Il
w W

Radius = v/(—1 — 3)2 + (3 — 6)2
= b units
Hence, the equation of the circle C' is
(z+1)+(y—-3)2=25
22 +y* + 22 — 6y — 15 =0 (shown)

(b) When y =0,
(z+1)2+9=25

z=3 or T=-95
Since the circle meets the z-axis at 2 distinct points, the z-axis is not tangent
()
Shortest distance = +/(5)% — (1)?

= V24

= 4.90 units
2. (a) Let the a-coordinates of the centre of the circle be a
(17 —a)? = (a — 1) + 82
289 — 34a+a” = a® —2a+ 1+ 64

224 = 32a
a="17

Radius =17-7

= 10 units (shown)

Centre = (7,1)

(@ =7+ (y—1)* =102
>+ 9y’ — 14z — 2y —50=0

Centre of reflected circle = (7, —3)

Distance = /(3 — 7)2 + (10 + 3)2
=185
=13.601... > 0 (shown)
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3. (a)
322 — 30z + 75— 12y +3y°> =0

22 +y? =10z — 4y +25=0
Centre = (5, 2)

Radius = /(5)2 + (2)2 — 25
= 2 units

(b) Since the y-coordinate of the centre of Cy is 2 and radius of the circle is also 2 units, thus the
circle Cy touches the z-axis

(c)
Centre = (5, 2)

Radius = /(5 — 1)2 + (2 — 6)2
= 4/2 units
Hence, the equation of the circle Cs is
(057 +ly— 22 = (v2)
(x—5)%+(y—2)* =32
2+ y> — 10z —4y—2=0

(d)
Radius of Cy = 42

x+1 y+6\
< ) a2)(57 2)

Let B(z,y)

=9 or y=—2

Gradient of line = %

=-1
Gradient of tangent at B =1

Hence, the equation of the tangent is

y—(=2)=(z-9)
y=x—11
(e) Let P(x,6),

Radius = 5 units
Centre = (—2,0)
(x+2)2+y*=25

(b) The centre has changed to
Centre = (0,2)

24+ (y—2)2=25
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5. (a) At the z-intercept, y =0
.Q(2,0)
Radius = /(2)% + (2)2
=8
Hence, the equation of the circle Cf is
(z-22+y* =8
,'.:c2+y2—4a:—4:0
(b) @ is the midpoint of AP. Let P(x,y)

<x+07y+2> —(2,0)

2 2
P(4,-2)
Radius = 2A0Q

=28

Hence, the equation of the circle Cy is
(x —4)* + (y +2)* =4(8)
x4y’  —8r+4y—12=0
(c) Substitute B(k,0),
k? 4+ (0)* — 8(k) +4(0) =12 =0
k* —8k—12=0

_ (=8 V(=82 —4(1)(-12)

: 2(1)
82D
B 2
8§+4V17 .
= —— (rej -ve)
2
k=44 2V7
(d)
Gradient of radius = &
44274
_ 1
VT
. -1
Gradient of tangent = 1
()
= —+/7 (shown)

At the y-axis,
0=—V7(4+2V7) +c
c=4VT7+ 14 (shown)
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10 Linear Law

10.1 Full Solutions
1.

B x
y_b\/f—a
Y bz —a
x
Let "
Y =— X =z
Y
Y =bX—a
To find the gradient,
11-3
b:
3-5
=—4
When X =5 and Y = 3,
3=—-4(5)—a
a=—23

2. (a)
Gradient = %

=4

lgy = —42% + ¢

Substitute (3, 8),
8=—-4(3) +c

c=20

lgy = —42? + 20
y — 10—4w2+20

© Kaiwen
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(b) ()

\/ﬂza(xQ—i—b)
\/ﬂzam2+ab

Hence, we are plotting a graph of /y against z?

—_

3.24 12.25

18.49

30.25

xZ
N 4 10.7 37.7

56.5

91.7

T0

[/

(0,15) ¢

[} | 10 20

(ii) From the graph,

(iii) From the graph, when y = 36, \/y = 6
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3. (a)

V = Vpett
V =kt + In V()
Plot a graph of V' against ¢
t 1 4 7 9
InV 6.86 6.72 6.59 6.48
(0,6.905)
— 6.9
(2:29,6.8)
\ 229 0p)
|
|
|
|
|
|
i} [
67 I
|
|
|
|
|
| \
——6:6 i
|
|
|
|
I 5
l (8:8,6.5)
6:5 L
x
(b) From the graph,
InVp = 6.905
Viy = 6905
= 997.2485...

— 997 (3.s.f.)

Vo represents the initial starting price of the mobile phone
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(¢) From the graph,

6.8 —6.5

T 22988
10

217
= —0.046082...

= —0.0461 (3.s.f.)

(d) Assuming that the model is appropriate, substitute the values of Vj and k in

V= (66.905) o~ 315 (15)

= 499.574012...
= $500 (3.s.f.)
4. (a)
1.6 -1
Vo l= " (2202
¢ 0502 & ~02)
e’ —1=2(2*-0.2)
eV =222 +0.6
Hence, when =z = 0,
-.e¥=0.6

(b)
IneY =1In (2x2 + 0.6)

-y =1n (22 + 0.6)
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5. (a) Table
| 2y | 26010 [ 220 | 175 | 142 [ 1.00 | 061 |
(b)
_h
Y= %z " ka?
2 —ﬁ +l
VTR R

Hence, we are plotting =%y against z

w

(1.4,2.44)

| I —

(¢) (i) When z = 2.5,

(ii) From the graph,

> =
Il
WlmR W

(iii) From the graph,

244 -0.8

1.4-5.5
2

15

h
k
h
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11 Proofs of Plane Geometry

11.1  Full Solutions
L (a) (1)
LACF = /FGC (alternate segment theorem)
ZACF = ZEFC (alternate angles)
L LFGC = ZLEFC (A)
LEFC = ZFCG (common angles) (A)
By the AA similarity test, AECF and AFCG are similar

(ii) From part (a)(i),
EC_cr
FC CG
Hence,
EC x CG = (CF)?

O
(b)
ZGEF = ZHEC (vertically opposite angles) (A)
/FGE = ZCHE (angles in the same segment) (A)
By the AA similarity test, AFGE and ACHE are similar
From the similar triangles,
FE _EG
EC EH
(FE)(EH) = (EG)(EC)
= (CG - EC)(EC)
= (CG)(EC) — (EC)?
= CF? — EC? (shown)
O
2. (a)
ZABP = ZAPQ (alternate segment theorem)
Since PA bisects ZQPB,
/APQ = /APB
. LABP = ZAPB (angles of an isosceles triangle APB)
Hence,
AP = AB (shown)
O
(b)
LACB = ZAPB (angles in the same segment)
LACP = ZABP = /APB (angles in the same segment)
. LACB = ZLACP
Hence,
CD bisects ZPCB (shown)
O
()
ZACB = LZACP (from part (b))
ZCPD = ZCAB (angles in the same segment)
Hence,
ACDX and ACBA are similar
O

Updated: April 29, 2022 Page 48 © Kaiwen



4049 Additional Mathematics March Practice Questions 2022

3. (a)
/BCA = ZACE (common angles) (A)

LABC = ZCAY (alternate segment theorem)
= /FAC (AC bisects ZDAY) (A)

.. By the AA similarity test, ABAC and AAEC are similar
AC  BC

EC — AC
AC? = EC x BC (shown)

/CAY = /EAC (AC bisects ZDAY)
/BAX = /EAB (AB bisects /BAX)

/BAX + ZEAB + ZEAC + ZCAY = 180° (angles on a straight line)
2/EAB+2/FEAC = 180°
LEAB+ Z/EAC = ZBAC = 90°

Since ZBAC = 90°, BC is a diameter of the circle (shown)

LABE = ZCAY (alternate segment theorem)
LCAY = LZEAC (AC bisects ZBAY)
.. LABE = ZEAC
LEAB+ Z/EAC = ZEAB + ZABE = 90° (from part (b))
ZAEB =90° (angles in a triangle)
.. Hence, AD and BC are perpendicular
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4. (a)
ZADB = 90° (angles in a semicircle)

LAEO = ZCED (vertically opposite angles) (A)

ZEAO =90° — ZAEP (angles in a triangle)
=90° - ZCED
= ZECD (A)

By the AA similarity test, AAFEQ is similar to ACED
AE FEO AO
CE ED CD
..AE X ED = OFE x EC (shown)
O

(b) OG is perpendicular to AB (given) and OG passes through the centre. Hence, it is equidistant
from A and B. All points along OG will be equidistant from A and B. Since C extends from
OG, C will be equidistant from A and B (shown)

O

(c)
ZCOB =90° (given)

Using angles in a semicircle, there is a circle, with C'B as its diameter that passes through the
point O (shown)

O
5. (a)
DT is parallel to AB (midpoint theorem)
ZAFD = /TDF (alternate angles)
= /FED (alternate segment theorem)
Hence, AB is a tangent at F (shown)
O
(b)
ZTDF = ZDCF (angles in an isosceles triangle) (A)
ZDFF is a common angle (A)
ZDCF = ZDEF (angles in the same segment) (A)
By the AAA similarity test, ADFT is similar to AEFD
DF _FT
EF  FD
DF? =FT x EF
= FT x (ET + TF)
=FT?+ FT x ET
..DF? — FT? = FT x ET (shown)
O
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12 Differentiation

12.1 Full Solutions

1. (a) By Pythagoras’ Theorem,

2
(Z) +7r? =35°

h2
— =1225 -2
4 r

h? =4 (1225 — r?)

h =2+/1225 — r? (shown)

(b) Volume of the cylinder can be computed as

v = (2v/1225 - 12)
= 2mr? (1225 — r?)?
Hence, using the product rule,

a5 a1l 2\ "3 2
oo =2 {2( 2r) (1225 — r?) }+(1225 r?)

—27r3

= —— +4rr\y 1225 — r2
V1225 — r2

Nl

(4mr)

Since the volume of the cylinder is maximum,

—27r3
— +47ry/1225 — 2 =0
V1225 — r2

r® = 2r (1225 — r?)
3r3 = 2450r

2
r= 816§ (rej 0 and -ve)
[ 2 ? / 2
Maximum volume = 7 < 8163) |? 1225 — 8163‘|

= 103688.8637...
= 104000 cm?® (3.s.f.)

x 1/816% (-) 816% ,/816% (+)

dy

: _
dr “+ve ve

Hence, V is maximum
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2. (a)

d (s )_i 1
dzr secr) = dr \ cosz

_ (cosz)(0) — (1)(—sinz)
cos? x

sinx

cos? x
=secztanz (shown)

dy 1 secxtan x + sec? x

dz secx +tanzw
sec z(tan x + sec x)

secx + tanx
=1—secx

A
. sec
1

cosST
cosr —1

COoS T

Note that the principal domain of cosz is (—1,1). With the given range in the question,

O<cosx <1

d d
Note that the numerator of aTy will always be negative, and the denominator of d—y will always
x x

be positive. Hence
dy

— < 0, decreasing function
dx
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3. (a) (i) Using similar triangles,
28 — h r

28 10

28
28_h_170r

14
h =28 — 57 (shown)

(ii)
. ) 14
Volume of cylinder = 7r< | 28 — ET
> (shown)

1
= 14mr? (2 -

Given that the volume of maximum,

l4nr (4 — 21") =0

r =0 (rej) or r=06=

=—-175.93... <0

. d*V . .
Since —— < 0, V' is maximum

20\ ? 3 /20
M lume = 147 [ =) |4—2 (=
ax volume 7T<3) |: 5(3>:|

22 3
=414— cm
27

1
Volume of cone = §7T(10)2(28)

Hence,
Volume of cylinder  11200m y 3
Volume of cone 27 28007

= g (shown)
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4.
@ — :L,Q (_261—2$> + el—Zx(Qx)
dx
— 2:1;261 2x +2x€1—2x
2
T

Py 2y (dy\ 4y
dx?2  x2 dx T
dy dy
— 92} —2(ZL y2
2 () -2 ()
dy
=4(2) -4
(dm) Y
dy
=42
()
k= —4
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5. (a) Let AC =r and BC =h

Since maximum, — =0

dh

d?v
8
=——7<0
V3
Hence, V is maximum
4
h=— cm

V3

Hence,

()

172
V3
1
V2
BC :CA=1:v2 (shown)

h_
o
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13 Integration

13.1 Full Solutions
1. (a)

2
tan @ + cot 0

9. sin9+0089
— 77 \cosf | sinf

P sin? 6 + cos? 6
oo cos@sinf

1
=2+ —
<cos€sin9>

= 2sinfcosf
= sin 260
= RHS (shown)

LHS =

P 4
4z d
/0 tan 2z + cot 2z 2x / sinda de

_ [ COS4x}
- (demn) (4o

Lt !
= —=cos =
9 COP T 5

Hence,
1 4+1 1
—— co8 — = -
g BT 5Ty
1 1
f§cos4p:71
1
4p = =
cos4p 5
T
dp = —
P=3
7
P= 12
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2. (a) At minimum gradient dQ—y =0
. g I d1'2 -
L 2=0
a —_ =
3
a
=2
3
a =6 (shown)
O
(b)
d
ﬁ = /(Gx —2) dx
=322 -2z +c

where c is an arbitrary constant
Since the tangent of the curve at the point (1,4) is y = 2z + 2, the gradient of the tangent is 2

31)2 —2(1) +c=2
c=1

y:/(3x272z+1) dx

=2% — 242 +d where d is an arbitrary constant

Substituting (1,4),
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3. (a)

LN RN RN R DR

— 2 (1-2sin?2z
(

Il
<
=
V
[\
8
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4. (a)
f(e) = ot — a7
f(x):/(x% —x_%) dx
2 3 1
=Ty — 923
3:5 x2 +c
At (4,0),
2, s 1
5(4)2 —24)24c¢c=0
4
c= ——
3
2 3 1 4
r)=—x2 —2x2 — —
fla) =3 .
(b) At @,
dy
/4 _ %y
rw=g
—47 — 4" 3
Hence, the equation of PQ),
3
y= 5(510_4)
3
Y= 5:1:—6
By observing the equation, at P,
y=—6

()

1
Area of shaded region = 5(4)(6) -

4
(G-t
4
=12+ ix%—%x%fém
15 3 3 1,
4 s 4 3 4
=12 —4)? — -z — (4
+ | - 3ot - 3]
—1p- 12
15

8 .. 2
= 4— units
15
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5. (a)

sin(A + B) + sin(A — B) = sin A cos B + sin B cos A + sin A cos B — sin B cos A
= 2sin Acos B

k=2

INE]

sin 2z cosx dx = 2¢in 2x cosx dx

S—
INE]
|

= N = N = N = N = N = N

[sin(2z + x) + sin(2z — z)] dx

ISE

[sin 3z + sinz] dx

k\\?\$é\\

i
4

1
——cos 3z — cos x}
3 0

-6) ()l Fio-ol]

1 1 4}

32 V3B
—1-3+4V2
3V2

Il
— — = —

VR

I
e

<

(=]
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14 Differentiation & Integration

14.1 Full Solutions

1. (a)
% [(z —5)v2z — 1] =22 — 1+ (z — 5) B(Qa: 1)5(2)]
:\/ﬁ+x7%
20 —1+x -5
T Va1
3xr — 6
T V2w -1
(b)
2 3x-9 21 3x—6 3
/1 mdw:/l [\/Qm—l_\/Qx—l} .
—/2 3z 6 dw—/Qde
V2T -1 1 V2 —1
Z[(I—E))mf— 3(20 —1)3
2(3) |,
= [-3v3- (-] - [3v3-3]
=7-6V3
2. (a)

—(sinx cosx) = sinx(—sinx) + cos z(cos x)
= cosz —sin’z
=cos?z — (1 — cos? x)

=2cos’z — 1 (shown)

el

z
/ coszxdaczf/ (2005230—1)+1d33
0 0

j

[=FNH]

= 7{ [sin z cos ac]o% + [2]
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3. (a)

At (0,3),

Since f"(x) = 3,

Let €2* = q,

a=2 or a= 1
2
1
e =2 or e%:fi (N.A))
Hence,
2r =1n2
z=InvV?2
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4. (a)

y=e"sinx

dy .

—~ =¢e%sinz + e” cosx

dx

d2y €T 3 xT - €T
ﬁ:e Sinx +e” cosx — e sSInx + e~ cosx
x

= 2e*cosx

d d? . . .
52 (di) — d—xz =2 (e"sinx + e” cosx) — 2e” cosx

= 2e%sinx

= 2y (shown)

d
.‘.—fy+2y:2/emsinx dx
dx
—emsinx—emcosx—&—Zemsinx:Q/ezsinx dx
T L3 1 T L3 xr
oo e¥sinx dx:i(e sinx — e® cosx) + ¢
Hence,

s
3

5, 1, ., .
/ e"sinx d/{L‘:|:2(€lSin(E—€LCOS$):|
0

=1.02 (3.s.f.)

0
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5. (a)
y=ax*V2x +1
d 1 1
% = 22 [2(2:5 + 1)%2)} + 21 (22 + 1)
x? Nores)
= ———+22v2x+1
Vz +1
2?4 22224 1)
V2t
x(bz + 2)
= ———— (sho
Vi1 Chewm)
O
(b) (i) At the stationary points,
dy z(5z+2)
de  \2r+1

0 2
x = or x=-—-
5
. . 2
Stationary points are (0,0) and (—5, 0.0716>

Using the first derivative test,

x | 0(=) | o | o0
% -ve 0 +ve

..(0,0) is a minimum point

x| =04(-) | 04 | 04(4)
% +ve 0 -ve

2
(—570.0716> is a maximum point

® 5% 421 — 3 ® (52 + 2) |
= Cdr= | T de -3 ———da
1 \/2[1,'+1 1 \/2$+1 1 \/21’+1
5 5
= [2*V2z +1]| - 3 [V2z + 1]
=7

6.4 (3.s.f.)
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15 Kinematics

15.1 Full Solutions

1. (a) At instantaneous rest, v =0

Whent=1,s=09,

18
=2+ ——+1
s +t+2+

Whent=0,s=10m, whent =1, s=9 m and whent =4, s =12 m

. Total distance travelled =10—-9+12 -9

=4 m
(¢) When t =7,
18
! (7+2)2
_ 16
9
Hence, when t = 7,
7
k=1—
9
(d)
V=—h({t*-Tt)+k
= —ht* + Tht + k
Hence,
L
Codt
= —2ht +7h

Hence, when t = 8, a = 0.9,

—2h(8) 4+ Th = —0.9
h=0.1
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2. (a)
a=4-2t
v=/4—2tdt
=4t —t*+c
When t =0, v =5,
s.c=5
sv=4t—t2 45
At the instantaneous rest, v = 0,
-t +5=0
t?—4t—-5=0

(t—5)(t+1) =0

t=5 or t=-1(NA)

5:/(4t7t2+5) dt
2 13
=27 = 2t? 45t +d

When t =0, s =0,
S.d=0

1
s =22 — 3 4 5t
3
100
WhentzO,5=O,Whent=5,s:?,whent=6,s=30

1
Total distance = 2 (gO) —30

2
=36— m
3
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3. (a) At initial velocity, t = 0,

(b) When ¢t =2, v =40

(¢) Graph

v=12e"9 + 18
=30 m/s

40 = 12¢%F + 18
o2k _ 11
6

k:lln 1—1
2 6

= 0.3031 (3.s.f.)

S

\ v (m/s)

‘Jfrrﬁ,ﬂﬁsf”f/f{4,5&3}
30

> 1(5)

Area under the curve < Area of trapezium

1
Area of trapezium = 5(30 +60)(4)
=180 m

Hence, the distance travelled will be less than 180 m

(e) The maximum acceleration occurs at ¢t = 4 where the gradient is the most steep

_dv
Todt
= kePt

a

1 11
Max acceleration = 3 In (6) es ()@

=12.2 m/s>
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4. (a)

Whent=0,v=-1

When t = 2,

1.
=t —t+d
12 +
When t =0, s = —4
1
- :5(0)3—(0)+d
d=—4
1
=t —t—4
T2
When t = 2,
= @ - ()4
T 12
1
= 5=
3
When ¢t =5,
1 3
=_—(5°-5-4
s 12(5) 5
_12
12
Hence,
Total dist travelled = (52 — 4 + 15+51
1 1 T = _ — — —
ota. stance avelle 3 12 3
1
=o— Im
12
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5. (a)

When t =0,

(b) When the car stops, v =0,

=2.94 s (3.s.f.)

5:/1) dt
:/(406*?—15) dt

— 120e" 3! — 15t + ¢
Whent=0,s5=0
c =120
8= —120e” 3" — 15¢ + 120

3
(d) To find the braking distance, substitute t = —31n =

Braking distance = —120 (2) - 15 (—31n 2) + 120

=30.9 m (3.s.f.)
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